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1 Introduction 


The reader should see [K] for the standard descriptive set theoretic notation used in this paper. 
This work is a contribution to the study of analytic subsets of the plane. We arc looking for results 
of the following form: either a situation is simple, or it is more complicated than a situation in a 
collection of known complicated situations. The notion of complexity we consider is the following, 
and defined in [Lo3]. 

Definition 1.1 (Louveau) Let X, Y be Polish spaces, B be a Borel subset of X xY, and Y be a 
class of Borel sets closed under continuous pre-images. We say that B is potentially in T (denoted 
B Gpot(r)) if there are finer Polish topologies a and t on X and Y, respectively, such that B, viewed 
as a subset of the product ( X , o) x ( Y , r), is in T. 

The quasi-order <b of Borel reducibility was intensively considered in the study of analytic 
equivalence relations during the last decades. The notion of potential complexity is a natural invariant 
for <b'. if E <b F and F G pot(T), then E G pot(T) too. However, as shown in [L1]-[L6] and [L8], 
<b is not the right notion of comparison to study potential complexity, in the general context, because 
of cycle problems. A good notion of comparison is as follows. Let X , Y, X', Y' be topological spaces 
and A, B C X x Y, A', B' CI'x Y'. We write 

(X, Y, A, B) < (X',Y',A',B')& 

3f :X —> X' 3g:Y—>Y' continuous with iC(/x g)^ 1 (A') and B C (/ x g)^ 1 (B l ). 
Our motivating result is the following (see [L8]). 

Definition 1.2 We say that a class T of subsets of zero-dimensional Polish spaces is a Wadge class 
of Borel sets if there is a Borel subset A of uY such that for any zero-dimensional Polish space X, 
and for any .4 C X, A is in T if and only if there is f:X continuous such that A = / _1 (A). In 
this case, we say that A is T -complete. 

If T is a class of sets, then f := {~>A \ A G T} is the dual class of T, and T is self-dual if T = f. 
We set A(r) := Y (T f. 

Theorem 1.3 (Lecomte) Let Y be a Wadge class of Borel sets, or the class A ®for some countable 
ordinal £ > 1. Then there are concrete disjoint Borel relations So, Si on 2 U such that, for any Polish 
spaces X, Y, and for any disjoint analytic subsets A, B of X x Y, exactly one of the following holds: 

(a) the set A is separable from B by a pot(Y) set, 

(b) (2 w ,2 w ,S 0 ,Si) < (X,Y,A,B). 

It is natural to ask whether we can have / and g injective if (b) holds. Debs proved that this is the 
case if r is a non self-dual Borel class of rank at least three (i.e., a class S? or 11° with £ > 3). As 
mentioned in [L8], there is also an injectivity result for the non self-dual Wadge classes of Borel sets 
of level at least three. Some results in [L4] and [L8] show that we cannot have / and g injective if (b) 
holds and T is a non self-dual Borel class of rank one or two, or the class of clopen sets, because of 
cycle problems again. 
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The work of Kechris, Solecki and Todorcevic indicates a way to try to solve this problem. Let us 
recall one of their results in this direction. All the relations considered in this paper will be binary. 

Definition 1.4 Let X be a set, and Abe a relation on X. 

(a) A(X):={(x,y)£X 2 \ x = y} is the diagonal ofX. 

(b) We say that A is irreflexive if A does not meet A (A). 

(c) A -1 :={(x, y)€X 2 \ (y, x) £ A}, and s(A) :=A U A -1 is the symmetrization of A. 

(d) We say that A is symmetric if A = A -1 . 

(e) We say that A is a graph if A is irreflexive and symmetric. 

(f) We say that A is acyclic if there is no injective sequence (:r,.),;< n of points of X with n > 2, 
(xi, Xj+i) £ Afar each i<n, and (x n , xf) £ A. 

(g) We say that A is locally countable if A has countable horizontal and vertical sections (this 
also makes sense in a rectangular product X x Y). 

Notation. Let (s n ) n&ul be a sequence of finite binary sequences with the following properties: 

(a) (s n ) necj is dense in 2 <UJ . This means that for each s £ 2 <UJ , there is n £ uj such that s n extends 
s (denoted s C s n ). 

(b) \s n \=n. 

We put Go := {(s n 07 , s n l 7 ) | n £uj A 7 £ 2“}. The following result is proved in [K-S-T]. 

Theorem 1.5 (Kechris, Solecki, Todorcevic) Let X be a Polish space, and A be an analytic graph on 
X. We assume that A is acyclic or locally countable. Then exactly one of the following holds: 

(a) there is c:X —Borel such that AC(cxc )^ 1 (->A(cu)), 

(b) there is f: 2 U —>X injective continuous such that s(Go) C (/ x /) _1 (A). 

This seems to indicate that there is a hope to get / and g injective in Theorem 1 1 .31 (h ) for the first 
classes of the hierarchy if we assume acyclicity or local countability. This is the main puipose of this 
paper, and leads to the following notation. Let X , Y, X'. Y' be topological spaces and A, B Cl xY, 
A'jfi'CT'xT'. We write 

3f: X —> X' 3g: Y —yY' injective continuous with AC(/x g)~ l (A') and BC.(fx g)~ l (B'). 

We want to study the Borel and Wadge classes of the locally countable Borel relations: the Borel 
classes of rank one or two, the Lavrentieff classes built with the open sets (the classes of differences 
of open sets), their dual classes and their ambiguous classes. We will also study the Lavrentieff classes 
built with the F a sets and their dual classes. 

Definition 1.6 Let r/< If {Og)e <rj is an increasing sequence of subsets of a set X, then 

D((Oo)g <r i)'.= {x£X | 38<r] parity (0)^ parity ( 77 ) and'x£Og\{ U ° e ')}• 

O'<6 

Now D V (H®)(X) := {D((Og)Q <v } \ MO < q Og £ S^(A')}, for each 1 < £ < uq. The classes 
D v (Y)Q), D rl (Y { f) and form the difference hierarchy. 
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Some recent work of the first author shows that having / and g injective in Theorem |TT3](b) can 
be used to get results of reduction on the whole product, under some acyclicity and also topological 
assumptions. Some of the results in the present paper will be used by the first author in a future article 
on this topic. This work is also motivated by the work of Louveau on oriented graphs in [Lo4]. 

Definition 1.7 Let X be a set, and Abe a relation on X. 

(a) We say that A is antisymmetric if A fl A~ l C A(X). 

(b) We say that A is an oriented graph if A is ir reflexive and antisymmetric. 

It follows from results of Wadge and Martin that inclusion well-orders 

{T U f | r Wadge class of Borel sets}, 

giving rise to an ordinal assignment iu(r). If G is an analytic oriented graph, then we can define 
w(G) as the least w(T) such that G is separable from G _1 by a pot(T) set C. It is well defined by 
the separation theorem. Moreover, it is useless in the definition to distinguish between dual classes, 
for if C separates G from G ~ 1 , then so does which is potentially in T The main property of 

this assignment is that w(G) < w{H) if there is a Borel homomorphism from G into H. Louveau 
also considers a rough approximation of w(G), which is the least countable ordinal £ for which G is 
separable from G ~ 1 by a pot(A} 1 ) set. He proves the following. 

Theorem 1.8 ( Louveau) Let f £ {1,2}. Then there is a concrete analytic oriented graph G^ on 
such that, for any Polish space X, and for any analytic oriented graph G on X, exactly one of the 
following holds: 

(a) the set G is separable from G~ 1 by a pot(Xf) set, 

(b) there is f:2 u -t-X continuous such that G^ C (/ x /) _1 (G). 

Our main results are the following. 

• We generalize Theorem 1 1.81 to all the A°’s, and all the Wadge classes of Borel sets. 

Theorem 1.9 Let T be a Wadge class of Borel sets, or the class A ®for some countable ordinal £ > 1. 
Then there is a concrete Borel oriented graph Gr on 2 U such that, for any Polish space X, and for 
any analytic oriented graph G on X, exactly one of the following holds: 

(a) the set G is separable from G~ 1 by a pot(T) set, 

(b) there is f: 2 U —>• X continuous such that Gr C (/ x f)~ 1 (G). 

We also investigate the injective version of this, for the first classes of the hierarchies again. 

• In the sequel, it will be very convenient to say that a relation dona set X is s-acyclic if .s(.4) is 
acyclic. 

Theorem 1.10 Let T G {£>,,(£?), Z> n (£§), | l<77<Wi,l<n<w}U{A§}. Then 

there are concrete disjoint Borel relations So, Si on 2 U such that, for any Polish space X, and for any 
disjoint analytic relations A, B on X with s-acyclic union, exactly one of the following holds: 

(a) the set A is separable from B by a pot(T) set, 

(b) (2", 2",S 0 ,Si) n(X,Y,A,B). 
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In fact, we prove a number of extensions of this result. It also holds 

- for // = () if we replace 2 U with 1 , 

- with f=g if r^{D r? (I] 5 ),£ , 7 ? (Si) | r)<ui}; if re{f},(Sj),I) r) (S 5 ) | 77 <cci}, then there is an 
antichain basis with two elements for the square reduction (it is rather unusual to have an antichain 
basis but no minimum object in this kind of dichotomy), 

- if we assume that A U B is locally countable instead of s-acyclic when T C II® (this also holds in 
rectangular products X x Y), 

- if we only assume that A is s-acyclic or locally countable when T = Il 2 . 

The situation is more complicated for the ambiguous classes. 

Theorem 1.11 Let T £ | (Dri ( ^ 1 )) | I gj Tj ■£ u.' 1 1. Then there is a concrete finite antichain A, 
made of tuples ( 2 W , 2 U , So, § 1 ) where So. §1 are disjoint Borel relations So, Si on 2 U , such that, for 
any Polish space X, and for any disjoint analytic relations A, B on X whose union is contained in a 
potentially closed s-acyclic relation R, exactly one of the following holds: 

(a) the set A is separable from B by a pot(T) set, 

(b) there is (2^, 2^, A,B) £A with (2 W , 2 U , A, B) C (X, Y, A, B). 

Here again, we can say more. This also holds 

- if we assume that R is locally countable instead of s-acyclic (this also holds in rectangular products 
XxY), 

- in all those cases, A has size three if i] is a successor ordinal, and size one if p is a limit ordinal (it is 
quite remarkable that the situation depends on the fact that // is limit or not, it confirms the difference 
observed in the description of Wadge classes of Borel sets in terms of operations on sets present in 
[Lol]), 

- with f = g, but in order to ensure this A must have size six if // is a successor ordinal, and size two 
if // is a limit ordinal. 

• We characterize when paid (b) in the injective reduction property holds. 

Theorem 1.12 Let T £ {^(S?), £>^(52°), DnfE®), Dni^i) I l<n<cu}U{A 2 }. Then 

there are concrete disjoint Borel relations So, Si on 2 u such that, for any Polish space X, and for any 
disjoint analytic relations A, B on X, the following are equivalent: 

(1) there is an s-acyclic relation /(£ 5] | such that .4 H R is not separable from B HR by a pot(T) set, 

(2) (2-, 2-,So,Si )Q(X,Y,A,B). 

The same kind of extensions as before hold (except that we cannot assume local countability 
instead of s-acyclicity for the classes of rank two). 
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Theorem 1.13 Let T £ {| 1 < q < u;i}. Then there is a concrete finite antichain A, 
made of tuples (2 W , 2^, So 5 §i) where §o» Si are disjoint Borel relations §o» Si on 2 W , such that, for 
any Polish space X, and for any disjoint analytic relations A, B on X, the following are equivalent: 

(1) there is a potentially closed s-acyclic relation R sS} such that A H It is not separable from BnR 
by a pot(T) set, 

(2) there is (2“, 2 U , A,B) £A with (2 U , 2 W , A,B) E (X,Y, A, B). 

Here again, the same kind of extensions as before hold. 

• The injective versions of Theorem 1 1 .91 mentioned earlier are as follows. 

Theorem 1.14 Let T £ DnfE®), ^(Sg) | 1 < 77 < oji, 1 <n < w} U {A?}. Then 

there is a concrete Borel oriented graph Or on 2^ such that, for any Polish space X, and for any 
analytic s-acyclic oriented graph G on X, exactly one of the following holds: 

(a) the set G is separable from G ~ 1 by a pot(T) set, 

(b) there is f: 2 U —>X injective continuous such that Or C (/ x f)~ 1 (G). 

This result also holds if we assume that G is locally countable instead of s-acyclic when T C n'j. 

Theorem 1.15 Let T £ |A(Z? r) (Xl5)) | 1 < i? < w 1 }. Then there is a concrete finite antichain A, 
made of Borel oriented graphs on 20 such that, for any Polish space X, and for any analytic oriented 
graph G on X contained in a potentially closed s-acyclic relation, exactly one of the following holds: 

(a) the set G is separable from G~ l by a pot(T) set, 

(b) we can find Or £ A and f : 2 U —>X injective continuous such that Or C (/ x /)^ 1 (G'). 

The same kind of extensions as before hold, except that A has size three if q is a successor ordinal, 
and size two if 77 is a limit ordinal. 

• At the end of the paper, we study the limits of our results and give negative results. 

2 Generalities 

The acyclic and the locally countable cases 

In [K-S-T], Section 6 , the authors introduce the notion of an almost acyclic analytic graph, in 
order to prove an injective version of the Go-dichotomy for acyclic or locally countable analytic 
graphs. We now give a similar definition, in order to prove injective versions of Theorem 11.31 for 
the first classes of the hierarchies. This definition is sufficient to cover all our cases, even if it is not 
always optimal. 

Definition 2.1 Let X be a Polish space, and Abe a relation on X. We say that A is quasi-acyclic if 
there is a sequence (C n ) n ^ of pot (YL I I) relations on X with disjoint union A such that, for any ,s(.4)- 
path (zi)i< 2 with z 0 A ~ 2 , and for any m,. n k £ u, C' n . £ {C n . , C " 1 } (1 < i < k), x\ , y\ ,..., x k , y k 
inX\{zi \i<2},if(zo,xi),(z 2 ,yi)eC r ni , (xi, x 2 ), (yi, y 2 ) e C' n2 ,..., (x fc _i,x fc ), (y k -i,y k )€C' nk 
all hold, then Xk A Uk- 
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Lemma 2.2 Let X be a Polish space, and Abe a Borel relation on X. We assume that A is either 
s-acyclic and pot (S!]), or locally countable. Then A is quasi-acyclic. 

Proof. Assume first that A is s-acyclic and pot(S!]). Then we can write A = U ngw Cm where 
(C n ) n £ U is a disjoint sequence of potentially closed relations on X. The acyclicity of s(A) shows 
that A is quasi-acyclic. 

Assume now that A is locally countable. By 18.10 in [K], A can be written as (J gw G q , where 
G q is the Borel graph of a partial function f q , and we may assume that the G q s are pairwise disjoint. 
By 18.12 in [K], the projections of the G q ’s are Borel. By Lemma 2.4.(a) in [L2], there is, for each 
q, a countable partition ( Dp) peu} of the domain of f q into Borel sets on which f q is injective. So the 

C n ’s are the Gr(/ g | D< 3 )’s. □ 

Topologies 


Let Z be a recursively presented Polish space (see [M] for the basic notions of effective theory). 

(1) The topology Az on Z is generated by A\ (Z). This topology is Polish (see (iii) => (i) in the proof 
of Theorem 3.4 in [Lo3]). The topology n on Z 2 is A 2 Z . If 2 < £ < then the topology T£ on Z 2 
is generated by S\ n n^(ri). 

(2) The Gandy-Harrington topology on Z is generated by Aj 1 (Z) and denoted Sz- Recall the 
following facts about Sz (see [L7]). 

(a) Sz is finer than the initial topology of Z. 

(b) We set Liz ■= {z&Z \ ujf = ^}. Then fiz is Aj 1 (Z) and dense in (Z. Sz). 

(c) W n Qz is a clopen subset of (Clz, Sz) for each W G S\ (Z). 

(d) (flz, 2Jz) is a zero-dimensional Polish space. 


3 The classes and 

Examples 


In Theorem 1 1.31 either So or §1 is not locally countable if T is not self-dual. If T C A°, we can 
find disjoint analytic locally countable relations A , B on 2“ such that A is not separable from B by a 
pot(r) set, as we will see. This shows that, in order to get partial reductions with injectivity, we have 
to use examples different from those in [L 8 ], so that we prove the following. 

Notation. We introduce examples in the style of Go in order to prove a dichotomy for the classes 
D r/ (S ( j* *), where 77 > 1 is a countable ordinal. 

• If tG 2 <u , then N t :={a€2 UJ \ t C a} is the usual basic clopen set. 
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• As in Section 2 in [L2] we inductively define :uj <U} —> {—1} U ( 7 /+I) by p v (®) = r l and 
' — 1 if (pr,(s) <0, 

9 if ip v (s) = 9+ 1, 

an odd ordinal such that the sequence is cofinal in <^, ; (s) 

and strictly increasing if <p v (s) >0 is limit. 

If no confusion is possible, then we will write tp instead of ip n . We set T n := {s £ui <UJ \ (p v {s) 7^ — 1}, 
which is a wellfounded tree. 



• Let (p q ) q ^ai be the sequence of prime numbers, and < . > r/ : T n —?uj be the following bijection. We 
define I : T v —>uj by 7(0) := 0 and I(s) :=pQ^ + 1 ...pf ^ 1 ^ +1 if s f 0. As I is injective, there is an 
increasing bijection J: I[T V \ -p-oj. We set < . > v := J o I. Note that < sq > v — < s > v > q+ 1 if 
sq(=T rr Indeed, 7(s0), ..., l(s(q— 1)) are strictly between J(s) and /(sq). 

• Let ip : u —$■ 2 <w be the map defined by 0, 0, 0,0,1,1,0 2 ,0 2 , 01, 01,10,10, l 2 , l 2 ,..., so that 
| f(q)\ <q and f[{2n | n^uj}],f>[{2n+l | ro£ w}] = 2 <w . 

• For each s £ T v , we define (t®, t]) £ (2x2) <t<; by fg = 0, andi^ = t £ s f>{q) 0 <sq>r i- <s> v-\' , P( q )\^ 1 £ _ 
Note that this is well defined, |i®| =< s > v and Card({/ < < s > T? | t®(l) 7^(0}) = |s| for each 
sST^. 

• We set T v := { {t° s w, t\w) \ s£T v A w£2 <w }. The following properties arc satisfied. 

- T" is a tree on 2 x 2 , and CEo := {(a, /3) £ 2 W x 2 ^ | 3m£w Vn>m a (n) = /3(n)} is locally 
countable. 


- If (s,t) £T' ? and s(l)^t(l), then s(l)<t{l). 

- For each l £ w, there is exactly one sequence (it, n) £ T v FI ( 2 i+1 x 2 l+l ) such that u(l ) ^v(l) since 
f° g (< sq > v —1) / i 2 ? (< sq >,, —1) (in fact, (u, v ) is of the form (t®, t\) for some s). In particular, 
s(T n fi ( 2 l+l x 2 i+1 )) \A(2 i+1 ) is a connected acyclic graph on 2 l+1 , inductively. 

• We set, for e £ 2, 

N?:={(*?7,^7) I s ^ T n A parity(|s|) = e A 7 £ 2 ^J. 

If s £ T, r then f s : N t o —» N t 1 is the partial homeomophism with clopen domain and range defined by 
fs(t° s 7 ) :=tj7 , SO that N? = U se T^,parity(| s |)= £ Gr (/s)- We set c s ■= Gr (/ S <?) when it makes 

sense (i.e., when p v (s) > 1). For q = 0, we set Nq := l 2 and :=0 (in l 2 ). 

Lemma 3.1 Let r/ be a countable ordinal, and C be a nonempty clopen subset of 2 U . 

(a) If<p v (s) > 1 and G is a dense G5 subset of2 UJ , then C s fl (C fi G ) 2 C C s fi (C fl G) 2 . 

(b) Nq fl C 2 is not separable from N^ fi C 2 by a pot{D r} {jfl)) set. 



Proof, (a) It is enough to prove that if q £ uj, then Gr (f sq ) IT G 2 C Gr (f sq ) fi (C fi G) 2 . This comes 
from the proof of Lemma 3.5 in [LI], but we recall it for self-containedness. Let U. V be open subsets 
of G such that Gr (f sq ) (T (l/xT)/ 0 . Then N t i IT V (T G is a dense G$ subset of N t 1 IT V, so that 
f~ l [V IT G) is a dense Gs subset of f)T q (V). Thus G IT V ) and G IT /“* (V IT G) are dense 
G,5 subsets of /“' (L). This gives a in this last set and U IT f^ q (V). Therefore (a, f sq (at)) is in 
Gr(f sq ) n (G n G) 2 n (17 x v). 

(b) We may assume that 77 > 1. We argue by contradiction, which gives PGpot(/l, ; (5]j 1 )), and a dense 
Gs subset of 2 U such that PnG 2 £ D v ('E < l)(G 2 ). So let (Og)g <v be a sequence of open relations on 
2 such that P n G = ( Ufl^parityfe^parityf??) ^\(Ue'<e Og/))nG . 

• Let us show that if 8 < '/?, s G T r] and ip(s) = 8, then Gr (f s ) IT (C fi G ) 2 C -<Og if 8 < 77 , and 
Gr(/ S ) fl(Cn G) 2 is disjoint from (J g'-ce Oo' if 8 = rj. The objects s = 0 and 8 = 77 will give the 
contradiction. 

• We argue by induction on 8. Note that if s G T n , |.s| is even if and only if (p($) has the same parity 
as 77 . If 8 = 0, then |s| has the same parity as 77 , thus Gr(/ S ) IT (C IT G ) 2 CD G 2 C —>Oq. 

• Assume that the result has been proved for 8' <8. If 8 is the successor of O', then the induction 
assumption implies that Gr (f sq ) IT (G IT G ) 2 C -1 Ogr for each q. So C s IT (G IT G ) 2 C -1 Og> and 
C s ft (G IT G ) 2 C -1 Og>. By (a), we get C s IT (G D G ) 2 C C s IT (G IT G) 2 , which gives the desired 
inclusion if 8 = 77 since Gr(/ S ) C C s . 

If 8 < 77 and |s| is even, then y>(s) has the same parity as 77 and the parity of O’ is opposite to that of 
77 . Note that Gr(/ s )n(GnG) 2 CNgnG 2 cU e „ <r/>par i t y (e „ ) ^ par i t y (??) O e »\{ Og»')C^Og. 

If |s| is odd, then the parity of <p(s) is opposite to that of 77 and 8' has the same parity as 77 . But if 
s € T. q has odd length, then 

Gr(/ S ) n (G n G ) 2 C N' ? n G 2 C G 2 \( J Oo») U J Og» \( [J Ov"). 

d"<v 6 »"<? 7 ,parity( 0 ")=parity(r?) e’"<6" 


This gives the result. 

• If 8 is limit, then (<^(s7i)) ,, is cofinal in qp(s), and Gr(/ sn ) D (G D G) 2 C - 1 0^ sn ^ by the 

induction assumption. If 8 q < <p(s), then there is n( 8 <)) such that ip(sn) > 8 q if n > 11 ( 80 ). Thus 
Gr(/ sn ) fl(Cn G) 2 C —'Og 0 as soon as n>n( 8 o). But 

Gr(fs) n (GnG) 2 c (GnG) 2 nC^\G s =G s n(Cn G) 2 \C S c \J Gr(/ s „)n(GnG) 2 c^ 0 . 

n>n(0o) 

ThusGr(/ s )n(GnG) 2 C^(U 0 , <0 Og>). 

If 8 < r], as |s| has the same paiity as 77, we get Gr(/ S ) IT (G IT G) 2 C N par ^y^ IT G 2 , so that 
Gr(/ s )n(CnG) 2 C^. ' □ 
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A topological characterization 


Notation. Let 1 < £ < u;p^. Theorem 4.1 in [L6] shows that if Aq, A\ arc disjoint AI relations 
on then Aq is separable from A\ by a pot(E°) set exactly when Aq D A\ e = 0. We now 

define the versions of Aq n A^ for the classes I) rj ( E j 1 ) . So let £ G 2 and // < We define 

n 0<o Fg £ '■= {u^) 2 , and, inductively, 

F vA := ^|paiity(r;)-£| n Pi ■ 

0<r) 

We will sometimes denote by F^(Aq, A\ ) the sets previously defined. By induction, we can 
check that F^(A l ,A 0 ) = F^~ £ (A 0 , Ai). 

Fix a bijection 1 (->• ((l)o, (l) t) from to onto to 2 . with inverse map ( m,p ) i-K m,p >. We define, 
for ttGand n£u, (u) n £ui- u by (■ u) n {p ) :=u{< n,p >) if < n,p >< |w|. 

Theorem 3.2 Let 1 < £ < uf , ?? = A + 2 k+e < wj" with A limit, k€uj and e G 2, and Aq, A\ be 
disjoint S 2 relations on uj u . Then the following are equivalent: 

(1) the set Aq is not separable from A\ by a pot(D p ( E°)) set, 

(2) the E\ set c is not empty. 

Proof. This result is essentially proved in [L8]. However, the formula for is more concrete here, 
since the more general and abstract case of Wadge classes is considered in [L8]. So we give some 
details. 

• In [Lo-SR], the following class of sets is introduced. Let 1 < £ < u\ and T, T' be two classes of 
sets. Then A € S^T 1 , T') A = U p >i (A p H Cp) U (-B\U p >i Cp) > where A p G T, B G T', and 
(Cp) p > i is a sequence of pairwise disjoint E|| sets. The authors prove the following: 

e s 2=^({0},{0}), 

^ +1 (E°) = ^(£> 0 (E°),E°)if0<a;i, 

£>*(£?) = ■%(|J D dp (^), {(/}}) if A = su Pp > 1 e p is limit. 

P> 1 

They also code the non self-dual Wadge classes of Borel sets by elements of uf as follows (we some¬ 
times identify off with (uff)^). The relations “u is a second type description” and “u describes T” 
(written u€T> and T n = T - ambiguously) arc the least relations satisfying the following properties. 

(a) If u = 0°°, then u€V and T u = {0}. 

(b) If u=£'~'l'~'v, with v€V and n(0) = £, then u£V and T u = f v . 

(c) If u = £"2^< Up > satisfies £ > 1, u p G V, and u p ( 0) > £ or u p ( 0) = 0, then mG® and 

r«=5' ? (U p >i r^o)- 

They prove that T is a non self-dual Wadge class of Borel sets exactly when there is u G 'D such 

that T (cj^ ) = T u (cj^ ). 


10 



• In [L 8 ], the elements of V arc coded by elements of An inductive operator ij over uA is defined 

and there is a partial function c: uA —> cof with c[fj°°] = V (see Lemma 6.2 in [L 8 ]). Another operator 
3 on (w“) ,! is defined in [L 8 ] to code the non self-dual Wadge classes of Borel sets and their elements 
(see Lemma 6.5 in [L 8 ]). We will need a last inductive operator A. on (uA) 6 , to code the sets that will 
play the role of the 27-/ sets via a universal set U for the class 17/ (uA xuA). More precisely, if 

(a, ao, a±, bo, b\. r) G A°°, then bo , b | and r are completely determined by (ct, ao, a i) and in practice 
a will be in T) 00 , so that we will write r = r(a, ao, a\)=r{u, ao, a\) if u = c(a). Our 27/ sets Ao, A\ 
arc coded by ao, ai, in the sense that A e = ~iA ae . By Lemma 6.6 in [L 8 ], there is a recursive map 
A : (w “) 2 —> u)“ such that ~Uj^ a ^ = {~U^ 0 ) 0 P| p >i if a £ A\ codes a wellordering, 

where r i-A {( r )p) p£LJ i s a bijection from uA onto (w“)“. In the sequel, all the closures will be for 

• We argue by induction on q. As F>o(Xg) = {0}, Ao is separable from A\ by a F>o(X|;) set when 
Ao = 0, which is equivalent to F® c = A 0 = 0. As D\ (S°) = A 0 is sepai'able from A\ by a Di (57/) 
set when Ao D Ai = 0 by Theorem 4.1 in [L 6 ], which is equivalent to F/ ^ = A 0 D A\ = 0. 

Let us do these two basic cases in the spirit of the material from [L 8 ] previously described, which 
will be done also for the other more complex cases. 

- Note that Fo(57°) = {0} = r 0 oo. Let a £ A\ such that (a) n codes a wellordering of order type 
0 for each n £ u. A look at the definition of S) shows that a £ f)°°. Another look at Definition 
6.3 in [L 8 ] shows that a is normalized (this will never be a problem in the sequel as well). Lemma 
6.5 in [L 8 ] gives /?,7 £ c*A with (a, (3, 7) £ 3°°- Lemma 6.7 in [L 8 ] gives bo, b\, r £ uA with 
(a, ai, ao, bo, b\, r) £ A°°. By Theorem 6.10 in [L 8 ], A\ is sepai'able from Ao by a pot(i7o(S^)) set 
if and only if ~M r = 0. A look at the definition of A shows that r = ao, so that ~U. r = Ao- 

- Now £>!(E°) = E° = s ? ({0},{0}) = >5^(r 010 oo,r 0 oo) = Ss( U p >! r 01 0 °o,r 0 oo) = r vi , where 
v\ :=£2 < O 00 ,010°°, 010°°,... >. As above, A\ is sepai'able from Ao by a pot(F>i(£g)) set if and 
only if -1 U r = 0. A look at the definition of A shows that r = bo = A(a 1 , < ao, ai, ai,... >), where 
|ai|=£. Thus ~U r = Ao D A\. 

In the general case, there is v v £ V such that = T Vr< and A\ is sepai'able from Ao by a 

potset if and only if -^U r {v v ,a 1 , ao ) = ®- Moreover, 

(a) if v v = 0 °°, then r(v v , a\,ao) = ao, 

(b) if v r] =£ t '~'l'~'v, then r(v rj ,ai,ao) = ai, 

(c) if Vrj = £^ 2 '~'< Up > and r p = r(u p ,a\,ao), then r(v v , a\, ao) = r(uo,b\,bo), where by 
definition 6 * :=A(a 1 , < a % , rq, r' 2 ,... >). 

It is enough to prove that = -^U r ( VriPim y and we may assume that 7 > 2 by the previous 
discussion. 

• If q is a limit ordinal, then fix a sequence (q p )p£ U of even ordinals cofinal in q. Note that 

D v m)=Ss (U Afc(E?),{ 0 })=s € (U r Up ,r U0 )=r^, 

p> 1 p> 1 

where v v = £,'~ 2 " < u p >. 
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Therefore, if r p := r(u p , a±, ao), then Fjj P = AA rp if 1, by the induction hypothesis. On the 
other hand, r(uo, hi, ho) = ho- But bo=A(ai, < ao, f ], ''"' 2 , >), so that 

-Wbo = ( _, hf ao ) O P| -W rp , 

P>1 

as required. 

• If rj=6+l, then 

^(s°)=5 { (£» fl (s°),s°)=5 { (U r Uj ,,r U0 )=r t ^, 

p>l 

where v v = A 2 ~ < u p >. Therefore, if r p := r(u p , u .\. ao), then = -W rp if p > 1, by the 
induction hypothesis (there is a double inversion of the superscript, one because the parity of 0 is 
different from that of 77 , and the other one because there is a complement, so that the roles of Aq , A t 
are exchanged). By the case r/ = 1 applied to ho and hi, -'M r ( U0 MM = ~^b 0 n AA \ n . Note that 

-M bi = (-Kai) n p -u Tp = {-u ai ) n 

p > i 

since bi = A(a\, < cii, r\, r^, ... >). If r :=r(n^, ai, ao), then 

~u r = {-Uao) n Fq^ n ->u ai n F{j^=A 0 n f|^, 

because Fg ^ = A\ 0 Hp< 6 > -^p £ C Ai fl Ai n Plp<e C Ai fl Fjj ^ (since the parity of 6 is different 
from e). Finally, ->U r = Ao fl F^ = F^, as required. □ 

The main result 

We set, for ? 7 <u;i and e£2, B^ :={(0a, 1/3 ) | (a, /3) eNg}. 

Theorem 3.3 Let p> 1 be a countable ordinal, X be a Polish space, and Ao . A i be disjoint analytic 
relations on X such that Aq U A\ is quasi-acyclic. The following are equivalent: 

(1) the set Aq is not separable from A\ by a set, 

(2) there is (Aq,A\) G {(Nq,N^), (Bq,B^)} such that (2F, 2 U , Ao, Ai) C (X, X, Aq, A{), via a 
square map, 

(3) (2F,2F E (X,X,A 0 ,Ai). 

Proof. (1) => (2) Let e := parity (77), and {C p ) p&bJ be a witness for the quasi-acyclicity of Ao U A\. 
We may assume that X =u u . Indeed, we may assume that X is zero-dimensional, and thus a closed 
subset of u/A As Aq is not separable from A\ by a pot (D V (E J)) set in X 2 , it is also the case in 
(t<A) 2 , which gives / : 2 U —»uA. As A(2 W ) C Nq and {(Oa, la) \ a G 2“} CBq, the range of A(2 W ) 
by / x / is a subset of X 2 , so that / takes values in X. We may also assume that Ao, A\ are A, 1 , and 
that the relation “(x, y ) G C p ” is A\ in (x, y,p). By Theorem l3.21 

F$ = Ao n P F)j Tl 

9<r] 

is a nonempty A , 1 relation on X (where F~ := ,, for simplicity). 
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We set, for 0<r},F e := ^| pa rity(6»)—e| n f \o'<e F e” so that F 0 = F ^ • We P ut ’ for 0 - 

D e :={(t° s w,t 1 s w)eT n | <f(s) = <?}, 

so that {Dg)g< v is a partition of T n . As D, q = A(2 <w ), G) + i := s((Ue<r; F o) P 1 (2 Z+1 x 2 ,+1 )) is a 
connected acyclic graph on 2 l+1 for each l £ u. 

Case 1 F n £A(X). 

Let (x, y) £ F q \A(X), and Oo, 0\ be disjoint A® sets with (x, y) £ Oo x 0\. We can replace 
F v , Aq and A\ with their intersection with Oo x 0\ if necessary and assume that they are contained 
in O o x O \. 

• We construct the following objects: 

- sequences (x s ) se2 <«, {y s ) s e 2<“ of points of A, 

- sequences (A s ) se2 <w, (A s ) se2 <w of Aj 1 subsets of X, 

- a sequence {U s ^){ s ,t)€T^ °f F i subsets of X 2 , and <f>: T' 1 — >u. 

We want these objects to satisfy the following conditions: 

(1) x s £ X s A y s £ Y s A ( x s , yt) £ U S f 

(2) X S£ C X s CQ x LI Oo A Y se C Y s C £7^ fl 0\ A JJ S) t C fl fl X 2 G (X s x Yt) 

(3) diam GH (A s ), diam GH (y s ), diam GH (C/ s , t ) < 2”l s l 

(4) x s q n x s i= y s0 n y s \=0 

(5) U S£jt£ c U s ,t 

(6) Ug, t FF e if (s,t)£D e 

• Assume that this has been done. Let a £ 2 U . The sequence (X a \ n ) neiAj is a decreasing sequence of 
nonempty clopen subsets of fix with vanishing diameters, which defines fo(a) £ fj n€cj -^aln- As 
the Gandy-Harrington topology is finer than the original topology, /o: 2 U -A Oo is continuous. By (4), 
fo is injective. Similarly, we define ,/j : T J —» 0\ injective continuous. Finally, we define /: ‘2F —t X 
by f(ea) := f £ (a), so that / is also injective continuous since Oo, 0\ arc disjoint. 

If (Oa, 1/3) £ Bq, then there is 9 <i] of the same parity as rj such that (a, j3)\n £ Dg if n > no- In 
this case, by (l)-(3) and (5)-(6), (U( a ,/3)\n) n >n 0 ' s a decreasing sequence of nonempty clopen subsets 
of Ao D fix 2 w dh vanishing diameters, so that its intersection is a singleton {F(a,f 3)} C Aq. As 
{x a \ n ,yp\ n ) converges (for A X 2 , and thus for E 2 ) to F(a,(3), (/(Oa),/(1/3)) = F(a,/3) £ A 0 . If 
(Oa, 1/3) £M'l then the parity of 6 is opposite to that of rj and, similarly, (/(Oa), /(1/3)) £ A\. 

• So let us prove that the construction is possible. Note that (tjj, t g) = (0, 0), F r] fl (2°x2°) = {(0, 0)} 

and ($,%)£ D n . Let (xg, r/@) £ F v n fl X 2 , and <b(0,0) £u such that (x@, y^) £ As fi X 2 <£fi 2 x , 

x 0 , no £ fl X - We choose A, 1 subsets Xq, Yj of X with GH-diameter at most 1 such that 

( x 0 > 2 / 0 ) f Xq xYq c (fi x n Oo) x (fix n Oi), 

as well as a E) subset U$ i of X 2 with GH-diameter at most 1 such that 

(xQ,y<i))£UQ t f! ) cF v n c$( 0 , 0 ) oft X 2 n (x$x.Yq), 

which completes the construction for the length l = 0. 
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Assume that we have constructed our objects for the sequences of length l. Let u£u> <bJ and q£ix 
with l+l =< uq > ip which gives w£u <ul with (t^ q , t l uq ) = (t^wO, t^w 1). We set 

U :={x£X | 3(x') sg2 i Gn sg2i X s 3(y') sG2 ; €lI sG2 ( Y s x = x' t0 A 

v u 

V(s,i)eT"n(2 l x2 l ) (x' s ,y')eu s , t }. 


V-={y€X | 3(x') sg2 ien se2 , X s 3(y' s ) se2 ‘ £ n se2i y s y=y' t i w a 

V( S ,f)€T"n(2' *2') {x' s ,y' t )£U s , t }. 

Note that U, V are and (x t o w ,y t i w ) £ F^ u) D(UxV)C n e < v ( u ) ^ n (17 x V). This gives 
Vtlw t) e F +uq) n (uxV) n n X 2 . Let (x s 0 ) se 2 ;\ {t o TO } be witnesses for the fact that x t o w0 £ U, 
and (tc s i) se2 i\{ t i w y be witnesses for the fact that x t i wl £ V. 


We need to show that x s q ^ x s \ (and similarly for y s q and y s i). First observe that if s ^ t £ 2 l , 
then x S£ £ X s and x tF j £ X t , so that x S£ / x te > by condition 4. Similarly, y S£ ^ y t£ i. As +(u) and 
ip(uq) do not have the same parity, there is e £ 2 such that {x t o w0 , y t i w i) £ A e and 

(x+yj 1 i Vt^wl) F U+VJ + (= -^1—e- 

As A 0 and A, are disjoint, x^o/z^i- Similarly, r/ t o w0 ^2/^1- 


So we may assume that l > 1 and s / The fact that G'/ is a connected graph provides a G'/-path 
from s to t^w. This path gives us two s(Ao U ,4 1 (-paths by the definition of U and V, one from y s o 
to x t o )( , 0 , and another one from y s \ to x t o w i- Moreover, the same &(s', t')’ s arc involved in these two 
pathes since they arc induced by the same G'/-path. Observe that ( x t o w0 , y+wi), (x t o wi . y t r w \ j arc in 
s(Ao U A\). Also, since x S£ £ Oo and y t£ > £ 0\, no “x” is equal to no “y”. Thus, by quasi-acyclicity, 
UsO / Vs l • Similarly, one can prove that x. s q / x s \. The following picture illustrates the situation when 
1 = 1 : 


y oo 
V 

Xoo 

06 ( 0 , 1 ) 

yio 

06 ( 0 , 0 ) 

XlO 



Xoi 

Oi6(0,l) 

yit 

06 ( 0 , 0 ) 

Xll 


Let T>(f°wO, t 1 u wl)£u such that (x t o M , 0 , y^wi) ^ C^^ t o w0 t i w iy and <f*(se, te) :=+{s, t) if (s, t) is in 
T" H (2 l x2 l ) and e£2. It remains to take disjoint A/ sets X s o, X s i C X s (respectively , Y s i C Y s ) 
with the required properties, as well as V S£ y £ i, accordingly. 


Case 2 F,,CA(X). 

Let us indicate the differences with Case 1. We set S := {x £ X | (x, x) £ F r/ }, which is a 
nonempty Tj 1 set by our assumption. 
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• We construct the following objects: 


- a sequence (x s ) sg2 <^ of points of S, 

- a sequence (A s ),, g2 <w °f Z/ subsets of X, 

- a sequence {JJs,t)( s ,t)eT r > °f ^1 subsets of X 2 , and $: T n — >u. 

We want these objects to satisfy the following conditions: 

(1) x s G A (x s , Xf ) G Us } t 

( 2 ) x s£ c x s c vtx n s a J/ Si tCC$( Si t) n fix 2 n (x s xXt) 

(3) diam GH (X,), diam GH (£7 Sjt ) <2"N 

(4) x s0 n x s i =0 

(5) U se> t£ C U a> t 

( 6 ) U s , t CF e if ( s,t)eD g 

• Assume that this has been done. As in Case 1, we get / : IF —> X injective continuous such that 
N? C (/ x f)~ 1 (A e ) for each eG 2. 

• So let us prove that the construction is possible. Let (x$,y$) G F v n fix 2 - As F v C A(X), 

y 0 = X 0 € S. Let <f>(0, 0) Gw with (x@, x@) € As fix 2 Cfi^, x@ Gfix- We choose a Zj 1 subset 

Xq of X with GH-diameter at most 1 such that x@ G X$ C fi Y Cl S, as well as a Zj 1 subset Uq$ of 
X 2 with GH-diameter at most 1 such that (x@, x@) G Ujo CF^n <^$( 0 , 0 ) Cl fix 2 Cl {X^xXqf), which 
completes the construction for the length l = 0 . 

For the inductive step, we set 

U:={xeX \3(x' s ) s&2 i€U se2 i X s x = x\^ w A V(s, t) G?' d (2 1 x2 l ) (x' s , x' t ) G U 3i t}, 
V:={xGX | 3(x') ae2 iGn ae2J X B x = x' tl A V(s,f) GT f| fl (2* x2*) (x' s , x') G [/*,*}. 

it 

Again, we need to check that x t o f x t i if q G w. Note first that .4 1 n S’ 2 is irrefiexive, since 
otherwise it contains (x, x) G Ai n F v C Ai n Ao. By construction, (x t o,x t i) G C A\, and we 
are done. 

(2) (3) Note that (2F, 2 w ,Nq,N^) C (2 w , 2 w ,Bq,B^), with witnesses cr—»0a and /3 —>-1/3. 

f3) => f l) This comes from Lemma I37TI □ 

Proposition 3.4 Let r/ be a countable ordinal. The pairs (Nq, Nj , j and (Bjj. B 2 ) are incomparable 
for the square reduction. 

Proof. There is no map /: 2 U —> 2F such that C (/ x /) _1 (B2) since A(2 W ) is a subset of Nq. 

There is no injection / : 2 U —> 2 W for which there is a G 2“ such that /(0a) = /(la). Using 
this fact, assume, towards a contradiction, that there is / : 2 U —> 2 U injective continuous such that 

B? c (/ X f)~ l m- Let (0t° 7 , l*fr) so that (/(0f° 7 ), /(ltj 7 )) = (t° 7 ', tjV) €N?. 
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We claim that ip(s) < <p(v). We proceed by induction on <p(s). Notice that is is obvious for 
tp(s) = 0. Suppose that it holds for all 9 < tp(s). Note that we can find p*. G oj and G 2 U such that 

{t% k Tk, tlpklk) e K-e and (*Sp fc 7fc, ^ Pfc 7fc) {t°s 7, ^7)- By continuity, 

(*S fc 7 , > ^7') := {f{0t° spk lfk), f(Ul pk j k )) -> (f°Y, t^Y). 

In particular, for k large, (f a , ij) C . f * ). This implies that the sequence v k is a strict extension 
of v. Therefore <p(v k ) < p(v). By the induction hypothesis, ip(sp k ) < <p{vk) < p(v)- If <p(s) = 0 + 1, 
then 9 = ip(sp k ) < <p(v), so we are done. If ip(s) is a limit ordinal, then {p(spk)) keu is cofinal in it, 
so we are done too. 


Finally, let a G 2 U , so that (0a, la) = (Of^a, lf^a) € Bq. Then (/(0a), /(la)) = (f° 7 / 7 ') 

with </?(n) = p, so that v = 0 , which contradicts the injectivity of /. □ 

Consequences 

Lemma 3.5 Let T be a class of sets contained in A 1 ] which is either a Wadge class or A/ X be a 
Polish space, and A, B be disjoint analytic relations on X. Then exactly one of the following holds: 

(a) the set A is separable from B by a pot(T) set, 

(b) there are K a sets A’ C A and IT C B such that A! is not separable from IT by a pot(T) set. 

Proof. Assume that (a) does not hold. Theorems 1.9 and 1.10 in [L 8 ] give Ni!) relations S 0 , S 1 on 2 W 
and g, h: 2 U —>X continuous with So C (gxh)~ l {A) and Si C ( gxh)~ 1 (B ). We set A' := ( gxh ) [So] 
and B' := {g x h) [Si]. □ 

Corollary 3.6 Let p < X be a Polish space, and A, B be disjoint analytic relations on X such 
that A IJ B is s-acyclic or locally countable. Then exactly one of the following holds: 

(a) the set A is separable from B by a potiD^fS^)') set, 

(b) (2",2",Ng,N?) E (X,X,A,B) ifp>land(l,l,K^i) E (X,X,A,B) ifp= 0. 

Proof. By Lemma I37T1 N ( 'j is not separable from W[ by a pot(/9,/S) 1 )) set. This shows that (a) and 
(b) cannot hold simultaneously. So assume that (a) does not hold. We may assume that p > 1. By 
Lemma 1331 we may assume that A, B are S!j. By Lemma [272] we may also assume that ,4 IJ B is 
quasi-acyclic. It remains to apply Theorem 13 .3 1 □ 


Corollary 3.7 Let p be a countable ordinal, X, Y be Polish spaces, and A, B be disjoint analytic 
subsets of XxY such that AU B is locally countable. Then exactly one of the following holds: 

(a) the set A is separable from B by a pot(D p (Yf{)') set, 

(b) (2",2“,Ng,N?) E (X,Y,A,B) ifp>l and (1, l.Nj.N?) E (. X,Y,A,B) ifp = 0 . 


Proof. We may assume that p> 1. As in the proof of Corollary [376] (a) and (b) cannot hold simultane¬ 
ously. So assume that (a) does not hold. We put Z\=X@Y, A' := {((x, 0), (y, 1)) eZ 2 | ( x,y)€A } 
and B' := { ((a;, 0), (y, 1)) € Z 2 | (x , y) G .B}. Then Z is Polish, A' , B' are disjoint analytic relations 
on Z, A' U IT is locally countable, and A' is not separable from IT by a pot(Z2 J? (S] ) )) set. 
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Corollary 13.61 gives f',g' : 2 U — > Z injective continuous such that NqC(/'x(/) 1 {A'), and also 
N l C (fxg')-\B'). We set /(a) :=U 0 [f(a)], and g(/3) := II 0 [g'{P)\. As A(2 W ) CNq 7 , /' takes 
values in X x {0} and g' takes values in Y x {1}. This implies that /: 2^ —>• X, g : 2 U —> Y are injective 
continuous. We are done since Nq C (/ x g) _ 1 (A) and N 2 C (/ x g)~ 1 {B). □ 

Notation. If A is a relation on 2 U , then we set Ga :={(0a, 1 (3) | (a, j3) Sd}. 

Lemma 3.8 Let A be an antisymmetric s-acyclic relation on 2A Then Ga is s-acyclic. 

Proof. We argue by contradiction, which gives n> 2 and an injective s(Ga )-path (£iZi)i< n such that 
(. £oZo,£ n z n ) £ s(Ga)- This implies that e 8 / £j + i if i < n and n is odd. Thus (zi)i< n is a s(A)- 
path such that (z 2 j) 2 j<n and {z 2 j+i) 2 j+i<n are injective and (zo,z n ) £ s(A ). As s(A) is acyclic, 
the sequence (zj),;< n is not injective. We erase Z 2 j+i from this sequence if Z 2 .J +1 £ { z 2 j,Z 2 j+ 2 } and 
2j +1 < n, which gives a sequence {z'f)i< n > which is still a s(A)-path with (z' 0 ,z' n ,) £ s(A), and 
moreover satisfies z\ f z ' +1 if 7 < n!. 

If n' < 2, then n = 3 , zo = A and Z2 = 23. As A is antisymmetric and £3 = £1 7^ £ 2 = £o> we g et 

zq = z 2 , which is absurd. If n' > 2, then fz■),<„/ is not injective again. We choose a subsequence of 

it with at least three elements, made of consecutive elements, such that the first and the last elements 
are equal, and of minimal length with these properties. The acyclicity of s(A) implies that this 
subsequence has exactly three elements, say (z[, z' i+1 , z' i+2 = z'f). 

If z[ = z 2 j+ 1 , then z- +1 = z 2 j+ 2 , z' i+2 = z 2 j +4 and z 2 j +3 = % 2 j+ 2 - As A is antisymmetric and 
£ 2 . 7+3 = £ 2 . 7+1 7 ^ £ 2 . 7+2 = £ 2 . 7 + 4 , we get z 2 j +2 = Z 2 j +4 , which is absurd. If z\ = z 2 j, then z' i+l = z 2 j+ 2 , 
and z- +2 = z 2 j+ 3 - As A is antisymmetric and £ 2 j +3 = £ 2 j+i 7 ^ £ 2 . 7+2 = £2 j , we get z 2j - = z 2 j+ 2 , which 
is absurd. □ 

Corollary 3.9 Let 7 / > 1 be a countable ordinal X be a Polish space, and A, B be disjoint analytic 
relations on X. The following are equivalent: 

(1) there is an s-acyclic relation /? £ E j such that AnR is not separable from BfiRby a p()t(l) T fYj { \f 
set, 

(2) there is a locally countable relation ReS} such that An R is not separable from B Pi R by a 
pot(D v (J^)) set, 

( 3 ) (2",2",Ng,N?)C(X,A,A,S), 

(4) there is (Ao,Ai)g{(Nq,N 2 ), (Bq,B^)} such that (2 W , 2 U , Ao, Ai) C (X,X,A,B), via a square 
map. 

A similar result holds for rj = 0 with 1 instead of 2 U . 

Proof. (1) =>■ (3),(4) and (2) =+ (3),(4) This is a consequence of Corollary 13 .61 and its proof. 

(4) => (1) By the remarks before Lemma |3T~1 Nq U N 2 has s-acyclic levels. This implies that Nq U N \ 
is s-acyclic. As Nq U Nj ; is antisymmetric, Bq UB| is s-acyclic too, by Lemma l3T8l Thus we can take 
R := (/ x /) [Ao U Ai] since the s-acyclicity is preserved by images by the square of an injection, and 
by Lemma im 
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(4) => (2) We can take R:=(f x /) [A 0 U Ai] since A 0 U Ai is locally countable, by Lemma [All 

(3) =>■ (2) We can take R:=(f x /) [Nq U Nj] since Nq U N^ is locally countable, by Lemma [All □ 

Remark. There is a version of Corollary [A9] for /), ; (£ ( | ) instead of /A r/ (53 ^), obtained by exchanging 
the roles of A and B. This symmetry is also present in Theorem [A3] 

We now give some complements when rj = l. At the beginning of this section, we mentioned the 
fact that our examples are in the style of Go- If rj= 1, then Go itself is involved. 

Corollary 3.10 Let X be a Polish space, and A, B be disjoint analytic relations on X such that 

- either AU B is s-acyclic or locally countable, 

- or A is contained in a potentially closed s-acyclic or locally countable relation. 

Then exactly one of the following holds: 

(a) the set A is separable from B by a pot (II ^) set, 

(b) (2-,2-,G 0 ,A(2-)) E (X,X,A,B). 

Corollary 3.11 Let X, Y be Polish spaces, and A, B be disjoint analytic subsets of X xY such that 
AUB is locally countable or A is contained in a potentially closed locally countable set. Then exactly 
one of the following holds: 

(a) the set A is separable from B by a pot(Tl\) set, 

(b) (2-,2-,G 0 ,A(2-)) E (. X,Y,A,B ). 

4 The class A 

Examples 

Notation. We set, for each countable ordinal r/> 1 and each e € 2, 

s e : ={(^7»^7) I seT r ,\{0} Aparity(|s|) = l-|parity(s(0))-e| A7G2 w }. 

Lemma 4.1 Let // > 1 be a countable ordinal, and C be a nonempty clopen subset of 2A Then 
§q Cl C 2 is not separable from n C 2 by a pot(^A(^D v (Y] ( l))^ set. 

Proof. We use the notation in the proof of Lemma [All We argue by contradiction, which gives P in 
pot^A(A) J? (S] ) ))^ an< i a dense Gs subset of IP such that P Cl G 2 , G 2 \P&D V (Y,\)(G 2 ). So let, for 
each e€ 2, ( Og)g <v be a sequence of open relations on IP such that 

pn G 2 = ( |J o°\(U o 0 °,))nG 2 

0 <7?,parity(0)^parity(r;) o'<8 

and G \P= (U0<^,parity(e>)^parity(r;) ^6»\(Ue»'<6» O g ,))riG . 
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• Note that = U e r„\{0},parity(| 8 |)=i-|parity( s (o))- e | Gr (/s)- Let u s show that if 9 < rj, s £ T v and 

ip(s) = 0, then Gr(f s ) D (G fl G) 2 C -i O l g P^ty^o)) if 6 <r], and Gr (f s ) n (C fl G ) 2 is disjoint from 
Ue >'<0 (Og, U Og,) if 6 = q. The objects s = 0 and 6 = rj will give the contradiction. 

• We argue by induction on 0. Note that Gr(/ S ) n (CC\ G) 2 C §?_| parity(N) _ parity(s(0)) | n G 2 if 6 = 0 

since s / 0. As §e fl G 2 C -iOQ Panty e ^ for each e G 2 and | s \ has the same parity as r\ if 6 = 0, we 
are done. 


• Assume that the result has been proved for O' < 0. If 6 is the successor of O', then the induction 
assumption implies that Gr (f sq ) fl (C fl G) 2 C -■ Og, G s 9)(°)) p or cac f, g \y c sc p f or eac h g g 2, 
C e s :=U keu Gr(f s[2k+£) ), so that Gr (f s ) C Gf, by the choice of ip.lfs = 0, then 

C'|n(C , nG) 2 c-.oi- e , 

Gr(/ S ) n(C (1 Gj 2 C G| fl (C n G) 2 c C| n (C n G) 2 c -I Ol~ £ , which gives the desired inclusion 
for 0 = 77 . 

If s / 0, then Gr(/ sg ) n (C 1 n G ) 2 C ~>0\, P^ty^o)) f or eac h ^ so t j iat 

Gr(f s ) n(CnG) 2 cGln (c nG) 2 cc s n(Gn G) 2 c-ioJr panty(s(0)) . 


Thus 


Gr(/ S ) n (G n G ) 2 C (G 2 \O;r parity(s(0)) ) D - l(O J-P arit y (s( 0 )) \O e \- parity(s(0)) ) c ^-Parity( s (o)) 


since pai'ity (0) = |parity (| s |) —parity ( 77 ) |. 


• If 0 is limit, then ifp{sn)) n&u is cofinal in </?(s), and Gr(/ sn ) (T (G D G) 2 C -'O^ ( ^ l ^ {{sn)i0)) , by 
the induction assumption. If 0q < ip(s), then there is n{Oo) such that ip(sn) > 0 q if n > n{6f). Thus 
Gr (f sn ) H (G D G) 2 C-iOg o parity(r,njf0)) if n>n(6o). If s = 0, then, for each eG2, 

Gr (f s ) n (G n G) 2 C (G n G) 2 n Gf\Gf = Gg n (G n G) 2 \Gf 

— Un>n(0o),parity(n)=e Gr (/®«) G (G n G) 2 c ->O 0o . 

Thus Gr(/s)n(GnG) 2 C-i( U 0 , <)? (0° UO^)). If S7 2 0,thenGr(/ sn )n(GnG) 2 C- 1 oJ o " parity(s(O)) 
for each n, so that Gr (f 8 ) n (G n G) 2 C G* n (G n G) 2 C G s n(Gn G) 2 C -O^ panty( ' s(0) ). As 
parity(|-s|) = parity (77) , Gr (f s ) fl (G fl G) 2 C-iOg P^ityGG)) as a f, ove □ 


A topological characterization 


Notation. We define, for 1 <£<aj G ^ and // <a; G ^, fje/<o Cq£ := (aA) 2 , and, inductively. 


/ r\8<n G e,t if V is limit (possibly 0), 

1 Ao n G e /t n Ai n G 0 ./ e if 77 = 0 + 1 . 
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Theorem 4.2 Let 1 < £ < wp^\ 1 < q = A+2/,;+e < wp^" wh/r A limit, k£oj and s € 2, and Aq, Ai /;<? 
disjoint 27/ relations on U.P. Then the following are equivalent: 

(1) the set A 0 is not separable from A\ by a pot set, 

(2) the 27/ set A not empty. 


Proof. The proof is in the spirit of that of Theorem l3.21 The proof of Theorem 1.10.(2) in [L8] gives 
a suitable such that c(a) codes the class l) n (S/). By Theorem 6.26 in [L8] and Theorem 13,21 (1) is 
equivalent to R'(a, qq, oi) /0, where 


R (ct, (lQ, Ol) : — 


F^n Fit if 77 = 0+1, 

D P >i f o v .£ if ?? = sup p >i 9 P is limit A 0 P is odd. 


So it is enough to prove that 


F^ n F 0 p ifrj = d + l, 

D P >1 F e p ,z if r/ = sup p >, 9 p is limit A 9 p is odd. 


We argue by induction on //. Note first that C ] ^ = Ao n A i = F/A- Pi F f J,. Then, inductively, 


G e+ 2 , c = A 0 nG 0+u nAi n G g +i, r i 0 n^ n f/ € niin F° ? n Ffa 
= Al n n F/7 parity(0) n Ai n F parit ^> =F° ’ n Ff 


0,? 


0,? 


0 +i,? 1 1 - 1 0 + 1 ,?• 


If A is limit, then 


Ga+i,? -^oH Ga,? n Ai pi Ga,? — Ao n fle»<A ^0,? ndifl fle<A ^0,5 

= y fo n n e <A ^0+i,? n ^ -i n n 9 <A ^ 0 + 1 ,? _ 

= At n f|g< A Fj> £ n ^n^nn e< A Fj > 4 n F,p 

= Afo n fle<A -^ 0 ,? n Aii n a<A -^ 0 ,? = F\^ n f/^ 

andGA,? = ri0<A ^0,? = ri0<A ^0+T? = P|0 <a ^0,? n ^0,? = Pl0<A ^0,? = n p >i Fq p £. 

The main result 


We prove a version of Theorem I3.3l for the class A(F r? (S/)). We set, for 1 < ?/ < oj\ and e E 2, 

Cg:={(Oa,10) | («,/?)£§?}. 


Theorem 4.3 Let q > I be a countable ordinal, X be a Polish space, and Ao, A] be disjoint analytic 
relations on X such that Aq U A \ is contained in a potentially closed quasi-acyclic relation. The 
following are equivalent: 

(1) the set Aq is not separable from A\ by a pot( A(F r) (S/)) J set, 


(2) there is (A 0 , Ai) € {(N?,Ng), (B?,Bg), (Ng,N?), (Bg.Bj), (Sg,S?), (Cg,C/)}/or w/r/c/i f/i<? in¬ 
equality (2^, 2^, Ao, Ai) C (A, A', Aq. A \) holds, via a square map, 

(3) there is (A 0 , A x ) € {(N/, Ng), (Ng, N/), (Sg, S/)} sne/r ffotf (2", 2", A 0 , A x ) C (X, X , A 0 , Ai). 
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Proof. (1) => (2) The proof is partly similar to that of Theorem 13.31 Let R he a potentially closed 
quasi-acyclic relation containing Ao U A\, and (C n ) new be a witness for the fact that R is quasi- 
acyclic. We may assume that X is zero-dimensional (and thus a closed subset of ui u ) and R is closed. 
In fact, we may assume that X = u/+ Indeed, as Ao is not separable from A± by a pot ^A(/2 ); (5] i’)] j 
set in X 2 , it is also the case in (a+) 2 , which gives /: 2 U —. Note that 

A 0 U C (/ x f)~\A 0 U A 1 ) C (/ x f)~\X 2 ), 

which implies that Ao U Aj C (/ x f)~ 1 (X 2 ). As A(2 U ) CNq D §q U §’/ and 

{(Oct, la) | ae2 u }CM v 0 n Cg U <C?, 

the range of A(2 W ) by / x / is a subset of X 2 , so that / takes values in X. We may also assume 
that Aq,A\ are 27, and that the relation “(x,y) £ C p ” is A\ in ( x,y,p ). By Theorem 14.21 G v is a 
nonempty 27/ relation on X (we denote G r] '=G, h \ and :=F^ 1; for simplicity). We also consider 
F() with Fg :=Fg T1 . In the sequel, all the closures will refer to the topology n, so that, for example, 

G p U Ao U A\ C Aq U A\ FR= |J C n . 

• Let us show that A e n G v C c l if e ^ 2. We argue by induction on 77 . If 77 = 1, then 

A e (~l G\ C A e n Ai_ e CFj 1-6 . If 77 is limit, then A e n G p C A e n fj 0<r? Ag CFjj. Finally, if 77 = 0 + 1 , 
then without loss of generality suppose that 0 is even, so that 77 is odd and 

A n G v c A e n A!_ e n G e ci £ n Fg~ e . 

Note that this last set is contained in F^~ e , as required. 

So, if A e n G v / 0 for some e £ 2 and e is the correct digit, then F® / 0. Theorem 13.31 gives 
(A 0 , A x ) £ {(N^3) ) (1’B’),(NJ,NI) ) (1S,B?)} for which (2 W ,2 W ,A 0 ,A 1 ) C (X,X, A 0 , A,), 
via a square map. 

• Thus, in the sequel, we suppose that G v n (Ao U A\) = 0. We put 

D v :={(t 0 s w,tlw)£T ri | s = 0}=A(2 <w ) 

and, for 0 < 77 and e £ 2 , 

D € g-= ^(t 0 s w,t]w) eT n I s£T r) \{0} A <^(s) = 0 A parity(|s|) = 1 — (parity(s(0)) — e||, 
so that { D r] } U {Zlg | 0 < 77 A e £ 2} defines a partition of T n . 

Case 1 G V ^A(X). 

Let (x, y ) £ \A(X), and Oo> Oi be disjoint A ] 1 sets with (x, y) £ Oo x 0\. We can replace 

G v , Ao and Ai with then - intersection with Oo x 0\ if necessary and assume that they are contained 
in Oq x 0\. Let us indicate the differences with the proof of Theorem 13.31 
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• Condition (6) is changed as follows: 


Grj if (s, t) G D q 
A e Cl Gg if (s,t)€Dg 


(6)C4,tC 


• If (0a, 1/3) eCe, then there is 9 <rj such that (a, (3)\nG D e e if n>n,Q. In this case, {U( a ,p)\n) n>no 
is a decreasing sequence of nonempty clopen subsets of A e n fix 2 3 with vanishing diameters, so that 
its intersection is a singleton {F(a, /3)} C A e , and (/(0a),/(1/3)) = F(a,/3)GA e . 

• So let us prove that the construction is possible. Let {x$,yqf) € G v D fly 2 - We choose a Aj 1 

subset 170 0 of X 2 such that (x@, yqf) G CG,fl <^$(0,0) C fi^ 2 Cl (Xg xYg), which completes the 
construction for the length / = 0. Assume that we have constructed our objects for the sequences of 
length l. Note that (x t o uW ,y t i w ) € G v(u) n(f/x7)C C (17 x A) C A e n G^ uq) n (17 x 17), 

where e satisfies {t° uq , tl q ) € ZA (u(j) . This gives (x^o, y t i wl ) € A e n G,„ {uq) n(l/x7)n fi X 2 - If 
u 0, then (t u w 1, t u wl) G D^, so that ( Xt^wi > Vt^wi) C GfO w ji w C (7^ and (370 ^q, yp^ w \) C A e . As 
G v n (A 0 U Ai) = 0, Similarly, yt^voo^Vt^voi- If then we argue as in the proof 

of Theorem [33] to see that x, s o / x s 1 (and similarly for y. s o and y s \). 

Case 2G V C A(X). 

Let us indicate the differences with the proof of Theorem 13.3 1 and Case 1. We set 

S:={xSX | (x,x)GG q }, 

which is a nonempty A/ set by our assumption. We get / : ‘X -G X injective continuous such that 
Sg C (/ x /) _1 (A e ) for each e G 2. In this case, Aq n S 2 and A\ n S 2 are irreflexive. 

(2) =► (3) Note that (2“, 2“, Ng, N?) E (2 W , 2 w ,Bg,B?) and (2 W , 2",Sg,Sj) E (2 a, ,2 a, ,Cg,C?), 
with witnesses a—;-0a and /3—>l/3. 

(3) =>■ (1) This comes from Lemmas 13. II and |4~TI □ 

Proposition 4.4 Let q > 1 be a countable ordinal. 

(a) Ifq is a successor ordinal, then the pairs (N^Ng), (B^,Bg), (Nq,N^), (Bg,B^), (Sq,S^) and 
(Cg, C^) are incomparable for the square reduction. 

(b) If r] is a limit ordinal, then (2F, 2“, Sg, S?) E (2", 2“, Nj, Ng), (2", 2", Ng, N?) and 

(Of, 2^, Cg, C?) E (2 w , 2 tJ ,Bj,Bg), (2 W , 2 aJ ,Bg,B ? 1 ? ), 
via a square map, and the pairs (Sg, § 1 ) anti (Cg, Cj) arc incomparable for the square reduction. 
Proof, (a) We set, for 9<rj,Cg:= U ¥ ,( s )>e Gr(/ S ). 

Claim. Let 9 <q. Then Cg is a closed relation on 2 U . 

Indeed, this is inspired by the proof of Theorem 2.3 in [L2]. 
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We first show that C l := IJseuA* x s )>o Gr(/ S ) is closed, by induction onlGw. This is clear for 
l = 0. Assume that the statement is true for l. Note that C l+1 = C l U U s e^ +1 ^>{s)>e Gr (f s ). Let 
p m £ C l+1 such that (p m )mx- converges to p. By induction assumption, we may assume that, for 
each m, there is (s m , n m ) €u l xu such that ip(s m n m ) > 6 and p m G Gr (/ Sm n m ). As the Gr(/ Sn )’s 
are closed, we may assume that there is i < l such that the sequence {(s m n m )\i) t is constant and 
the sequence ((s m n m )(i)) m& tends to infinity. This implies that p G Gr(/( sono )|j) C C l+1 , which is 
therefore closed. 

Now let p m G Co such that (p rn ) converges to p. The previous fact implies that we may 
assume that, for each to, there is s' m such that p(s' rn ) > 9 and p m G Gr(f s > ), and that the sequence 
(l s ml)mGw tends to infinity. Note that there is l such that the set of is infinite. Indeed, assume, 

towards a contradiction, that this is not the case. Then {.s G T rj \ 3m Gw s C s',,} is an infinite 
finitely branching subtree of T rr By Konig’s lemma, it has an infinite branch, which contradicts the 
wellfoundedness of T r] . So we may assume that there is l such that the sequence {s' m \l) m&UJ is constant 
and the sequence m£uj tends to infinity. This implies that p G Gr(/ s /j;) C Cq. o 

• By Lemma ITTl Nq is not separable from N \ by a pot (/j f; (XI | J )] set, and, by Lemma 14711 Sq is not 
separable from by a pot^Aset. 

• Let us show that Nq is separable from N 7 / by a set. In fact, it is enough to see that 

Nq G G ?? (S5) if rj is odd and N^ G _D, ; (£5) if rj is even. If rj is odd, then 

N2= U Gr(f s )=C r) U (J Ce\Cg +!• 

seT v ,<f(s) odd e<r),e odd 

We set, for 9 < rj, Oq := -*Cg + 1 , which defines an increasing sequence of open relations on 2 W 
with Nq = —lOiq—i U U@<r^ o odd Og\Og- 1 - Thus Nq G ^(2°). Similarly, if rj is even, then 
N i = U ser „/AA odd Gr (fs) = (J e<ri ,eodd c e\ c e+i- We set, for 9 < V , O e := ->C e+ 1 , which 
defines an increasing sequence of open relations on with N^ = Ue< ?? 6»odd Oo\Oe-i- Thus 
G .D rj (Nq). This shows that (2 U , 2 U , N^, Nq) is not C-below (2 w ,2 w ,Nq,Nj), and consequently 
that (2 W , 2", NjJ, N?) is not C-below (2 W , 2 U , N?, Ng). 

• Let us show that S~ is separable from £ by a D v (£ 1?) set if e G 2. We set, for 9 < rj, 

C§:= U Gr(/ S ). 

<p(s)>6, parity (s(o))=e 

As in the claim, (Cq)q< v is a decreasing sequence of closed sets. 
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Note that 


= UsgTjjXie}, parity(|s|)=i—|parity(s(o))—e| Gr(/'«) 

= U se T t) \{0},| parity(^(s))-parity(??)|=i-|parity(s(o))-£| Gr(/s) 

= U sS t^\{ 0 }, parity(s(o))=|i—||parity(<p(s))—parity( 77 ) 1 —e|| Gr(/ S ) 

— Ue»<?7,vj(s)=0 U parity(s(o))=| l—| |parity( 6 >)—parity (77)|—^11 ^(/s) 

= Ue»<?7 ( Ui^(s)> 6 , parity(s(o) }=11—| Iparity (0) —parity (r?)| —e11 Gr (f 8 ))\ 

( U v ( s )> 0 +i, parity (s(o))=|t—|Iparity( 6 >)—parity(? 7 )|—e|| Gr (/,)) 

_l I ^ 1 —I Iparity ( 0 ) —parity ( 77 ) | —e|, r ,i-||parity( 0 )-parity(??)|-£| 

— Ue<r] u e \ l ' 6 »+i 

Assume first that 7 / = do +1 is a successor ordinal. We define an increasing sequence ( Og)g <v of open 
sets as follows: 

n , = r-(c^uc|)if 0 < 0 o , 

°' X^Cq if 0 = 6 *o, 
so that D :=-*D((Oe)e <v ) <E A,(£i). 

We now check that D separates Si from §^_ £ . If 0 < rj has a parity opposite to that of 77 , then 
either 6 = 6$ and C|\C| +1 C C| Q C — , (U 0 , <r 7 00') C D. Or 0 < 6<o, 0 +1 < 0o < V has the same 
parity as 77 , and Cq\Cq +1 C Oq+\ \ (Uo'<o ^V) — G. If now 0 < rj has the same paiity as rj, then 
Cq~ £ \Cq~1 C Oo\({J 0 , <0 Of)') A D. Thus Si C D. Similarly, S^_ £ C - 1 .D. If r/ is a limit ordinal, then 
we set Og := U C|) and argue similarly. This shows that (2 W , 2 W , N?, N^_ £ ) is not C-below 

(2 U , 2 U , Sq , S^) for each e € 2. 

• Let us prove that (2 W , 2 W , Sq, § 1 ) is not C-below (2 W , 2 t + N?, N ? /_ £ ) if e € 2 and 77 is a successor 
ordinal. Let us do it for e = 0, the other case being si mi lar. We argue by contradiction, which gives 
/, g injective continuous with S^ C (/ x p ) _1 (N?) for each e € 2. We set, for 0 < rj and e G 2, 

G|:= U Gr(/s). 

e<0'<ri,(p(s)=e', parity(s(o))=| i—| Iparity( 0 r )—parity (t?) | —ep 
Note that the sequence ( Ug)g <v is decreasing, S2 = Ug, 

ug u U\=Cg U C l g = ug u ug U A( 2 W )= Cg, 
and Cq + 1 U Gg +1 = Ug 0 C/g if 0 < 77 since 

Uf = Cg +l U Cg +l U U Gr (f s ), 

<p{s)=e, parity(s(o))=|i-|Iparity( 6 »)-parity(??)|-ejl 

as in the claim. Let us prove that Ug U Uq C (/ x g)~ 1 (C#) if 0 < 77 . We argue by induction on 0, and 
the result is clear for 0 = 0. If 0 = 0'+1 is a successor ordinal, then 

ug u Uq ccgucg = ug,nug,c(fx g)- 1 (Ngncv n N?ncv) c (/ x g )~ l (c e ). 

If 0 is a limit ordinal, then Ug U Ug C fj 0 / <0 (Ug, U C/J,) C (/ x p) _1 (fV <0 CV) = (/ x g^(Cg). 
This implies that Cg U Cg C (/ x g)~ l {C v )- In particular, A(2 UJ ) is sent into itself by / x g and f = g. 
As 77 = 0+1 is a successor ordinal, Ug C (/x/) _1 (Nq n Cg) C (/x/) _1 (A(2 W )), which contradicts 
the injectivity of /. 
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• So we proved that A := {(N 7 ), N[j), (Nq,N^), (§q, S^)} is a C-antichain if i] is a successor ordinal. 
For the same reasons, B := {(B^Bq), (Bq,B^), (Cq, C^)} is a C-antichain if r/ is a successor ordinal. 
Moreover, no pair in A is below a pair in B for the square reduction since A(2 W ) C Nq fl Sq U S’) and 
the element of the pairs in B are contained in the clopen set NqxNi. 

It remains to prove that we cannot find (A, B), (A', B') G A and a continuous injection /: ‘2r —> 2A 
such that Ga C (/x/) _1 (A') and Gb C (/x/) _1 ( B'). We argue by contradiction. If (A,B) A (A', B') 
and e G 2, then we define continuous injections f e : 2 U —> 2 U by f £ (a) := f(ea). Note that / 0 x f\ 
reduces (A,B) to (A',B'), which contradicts the fact that A is a C-antichain. Thus (A,B) = (A',B'), 
and (A,B) = (Sq, S^) by Proposition 13.41 As in the proof of Proposition 13.41 <p(s) < <p(v). If ct € 2 U , 
then (Oa,la) is the limit of (0t° ■ 7 *, lt^j k ). Note that (/( 0 f^ 7 fe ),/(l*i fc 7k)) = (*2*7*, >4*7*) 
and <p[p k ) < <p(v k ). As (< p(Pk)) k£uj is cofinal in <£>(0) = rj, so is (<p(v k j) keu . This implies that 
(/(0a), /(la)) sA(2 w ), which contradicts the injectivity of /. 

(b) Let us prove that (2 W , 2“, Sq, S^) C (2 W , 2 W , N^, N^_ e ) with a square map if e€ 2. Let us do it for 
e = 0, the other case being similar. We construct a map <t >: 2 <UJ —> 2 <w satisfying the following: 

(1) VZ€w 3/qGw 4>[2 l ]C 2 kl 

(2) </(s)^0(se) 

(3) (j>(sO)A<P(sl) 

(4) VsGT^\{ 0} (parity(|s|) = 1-[parity(s(0))-e|) => 3v s €T v parity(|-u s |) = e A 

(a) VwG 2 <UJ 3w'g 2 <U) (cj){t 0 s w), <j){b\w)') = t\ s w') 

(b) ip(s)<<p(v s ) 

Assume that this is done. Then the map /: a<->•linin^oo <p(a\n) is as desired. So let us check that the 
construction of <f> is possible. We construct <f>(s) by induction on the length of s. 

- We set fco : =0 and 0(0) :=0. 

- Note that < 0 = 1 and (t[J, /)) = (0,1). As rj > 1 is limit, <£>( 1) > <£>(0) are odd ordinals, so 

that <£>(10) > <£>(0) is an even ordinal. We set k\ :=< 10 > v , </(e) :=ff 0 and no := 10. This completes 
the construction of 0[2 1 ], and our conditions arc satisfied since k\ >0. 

- We next want to construct cj>{s) for s G 2 l+l , with l > 1, assuming that we have constructed 
4>(s) if |s| < l. Note that there is exactly one sequence u such that (t((, t, 1 ,) G 2 l+1 . We first define 
simultaneously </(i°) and /(f)), and then extend the definition to the other sequences in 2 ,+1 . 

If |it| > 2, then there are uq G u <UJ and w G 2 <u such that = t £ UQ we. By condition (4), 
(0(t° o tu), </(i° 0 m)) = (t®w',t\w') for some v€uj <u and w' G 2 <u . Let qGw such that w'C.ijj(q) and 
<£>(it) < ip(vq). We can find such a q because if <£>(n) = I'+l, then (p(vq) = v, but <p(u) < <p(uq) < u+1 
so that tp{u) < v. If ip(v) is limit, then (<p{yq)') , is cofinal in ip{v) and <£>(?/) < <^(uo) < <£>(n). We 

set (j){t e UQ w£) '■=t% q . By definition, there is N Gw such that t £ vq = t £ v w’Q N e. We set 4>(se) :=4>(s)0 N £, 
for any s G 2 l . Conditions (l)-(3) clearly hold. So let us check condition (4). First note that 
(</(t°), />(£*)) = (tyq,tlq) by definition, so that (4) holds for u since |«| — |uq| = |nq| — |n| = 1. 
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Suppose now that there are u\ £ u <u , z £ 2 <UJ and e G 2 such that (s, t) = ( t^ze , t\ n ze). By the 
induction hypothesis, (^(t^ze), f(t l Ul ze)) = (f(t Q Ul z)() N e^^z)^ e) = (t° ui z'0 N e,tl ui z'0 N e). 

Thus conditions (4) is checked. 

Otherwise, |tt| = 1 and u =< p > for some p € tu\{0}. Let w := t^\l. Note there are infinitely 
many q 's such that f(w) C q ). As r/ is a limit ordinal, {t(q)) qeikJ is strictly increasing. Thus q 
can be chosen so that p(p) < (p(q ). If p is odd, then we set f{t £ u ) := t £ <q> . If p is even, then we set 
£ u ) -=t £ 0 . Let w° and w 1 be the sequences such that f(t £ u ) = f{w)w £ e. Note that they are different 
if p is even. As in the previous case, we define f{se ) := f{s)w e £, for any s £ 2 l . Notice how the 
choice of w £ only depends on the last coordinate of se. The conditions are verified as before for 
(</>(t°), For the other cases, 

(<KC ze )> ze)) = z)w e e , z)w e e) = (t° ui w'w e e , f^ w/m e e), 

by the induction hypothesis. So the conditions are checked. 

It remains to note that (2 U , 2 W , Cg, Cg) C (2^, 2^,]Bg,]Bg_ £ ) with a square map if e G 2, with 
witness eai-te/(a). □ 

Consequences 


Corollary 4.5 Let // > 1 be a countable ordinal, X be a Polish space, and A, B be disjoint analytic 
relations on X such that A Li B is contained in a potentially closed s-acyclic or locally countable 
relation. Then exactly one of the following holds: 

(a) the set A is separable from B by a pot set, 

{b) there is (A 0 , Ai) € {(Ng, Ng), (Ng, Ng), (Sg, Sg)} with (2", 2", A 0 , Ai) C {X, X, A, B ). 

Proof. By Lenlmas 13. 1 1 and 14. 1 1 (a) and (b) cannot hold simultaneously. So assume that (a) does not 
hold. By Lemma l2Al we may assume that .4 LJ B is contained in a potentially closed quasi-acyclic 
relation. It remains to apply Theorem 14. 3 1 □ 

Corollary 4.6 Let:/ > 1 be a countable ordinal, X, Y be Polish spaces, and A, B be disjoint analytic 
subsets of X xY such that A U B is contained in a potentially closed locally countable set. Then 
exactly one of the following holds: 

(a) the set A is separable from B by a pot(^A(D v (jEi))^J set, 

(b) there is (A 0 , A x ) £ {(Ng, Ng), (Ng, Ng), (Sg, Sg)} with (2", 2", A 0 , A,) C (X, X , A, B). 

Proof. As in the proof of Corollary 14.51 (a) and (b) cannot hold simultaneously. Then we argue as in 
the proof of Corollary 13.71 A' U B' is contained in a potentially closed locally countable relation, and 
A' is not separable from B' by a potf A(L> r? (I]5))) set - Corollary 14 .5 1 gives f,g' :2 U —>Z. □ 
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Corollary 4.7 Let rj > 1 be a countable ordinal, X be a Polish space, and A, B be disjoint analytic 
relations on X. The following are equivalent: 

(1) there is a potentially closed s-acyclic relation flGSj such that A H 11 is not separable from BnR 
by aset, 

(2) there is a potentially closed locally countable relation R 6Sj such that A n II is not separable 
from B fl Rby a pof^A(Z7 r? (Xl5))^ set, 

(3) there is (A 0 , A x ) € {(N?, Ng), (Ng, N \), (Sg, §?)} with (2 W , 2 W , A 0 , A x ) C (X, X, A, B), 

(4) there is (A 0 ,Ai) G {(Nj,Ng), (B?,Bj}), (Ng,N?), (Bg,B?), (Sg,S?), (Cg,C?)} such that the in¬ 
equality (2 U , 2 U , Aq, Ai) C (X, X, A, 73) holds, via a square map. 


Proof. (1) => (3),(4) and (2) => (3),(4) This is a consequence of Corollary 14. 5 1 and its proof. 


(4) =? (\) By the remarks before Lemma [All Nq U N f / has s-acyclic levels. This implies that Nq U ff{ 
and Sq U § \ are s-acyclic. As Nq U N) ? is antisymmetric, Bq U B) ? and Cq U are s-acyclic too, by 
Lemma [3781 Thus we can take R:=(fx f) [Ao U Ai] since the s-acyclicity is preserved by images by 
the square of an injection, and by Lemmas [3. 1 1 and |4~T1 


(3),(4) =>■ (2) We can take R:=(fx /)[Ao U Ai] since Ao U A\ is locally countable, by Lemmas 13.11 
and 14. 1 1 □ 


5 Background 

We now give some material to prepare the study of the Borel classes of rank two. 

Potential Wadge classes 

In Theorem 1 1.31 §o U Si is a subset of the body of a tree T on 2 2 which does not depend on T. 
We first describe a simple version of T, which is sufficient to study the Borel classes (see [L6]). We 
identify (2 l ) 2 and (2 2 /, for each l£u+ 1. 

Definition 5.1 (1) Let 2F (2 1 ) 2 = (2 2 ) <UJ . We say that T is a frame if 

(a) VZg u 3\(si,ti)eR n(2 1 ) 2 , 

(b) Vp, q€oj Mw G 2 <u 3N Gw (s q 0w0 N , t q lwO N ) G 3F and (| SgOwO^ | — l)o=P, 

(c) VZ > 0 3q< l 3m € 2 <u ( si,ti ) = (s g 0m, t q lw). 

(2) If J- ={{si,ti) | l G w} is a frame, then we will call T the tree on 2 2 generated by J~: 

T:= {(s, t) G (2 2 ) <uj | s = 0 V (3gGw 3wG2 <tJ (s, t) = (s q 0w, t q lw))J. 

The existence condition in (a) and the density condition (b) ensure that |~T] is big enough to 
contain sets of arbitrary high potential complexity. The uniqueness condition in (a) and condition 
(c) ensure that |~T] is small enough to make the reduction in Theorem 11.31 possible. The last part of 
condition (b) gives a control on the verticals which is very useful to construct complicated examples. 
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In the sequel, T will be the tree generated by a fixed frame F (Lemma 3.3 in [L6] ensures the 
existence of concrete frames). Note that [~T~| C NqxN\, which will be useful in the sequel (recall that 
N s is the basic clopen set of sequences beginning with s £ 2 <UJ ). 

Acyclicity 


We will use some material from [L6] and [L8], where some possibly different notions of acyclicity 
of the levels of T arc involved. We will check that they coincide in our case. 

Definition 5.2 Let X be a set, and Abe a relation on X. 

(a) An .4-path is a finite sequence {xi)i< n of points of X such that (xi, Xj+i) <G /I if i < n. 

(b) We say that A is connected if for any x, y £ X there is an A-path (xi)i< n with xo = x and 

x n = y- 

(c) An .4-cycle is an A-path (xf)i<L with L> 3, (£*)*<£ is injective and xl = xq (so that A is 
acyclic if and only if there is no A-cycle). 

Lemma 5.3 Let l£u>, and 7] :=T f1 (2 l ) 2 be the Ith level ofT. 

(a) s(T [) is connected and acyclic. In particular, \T~\ is s-acyclic. 

(b) A tree S on 2 2 has acyclic levels in the sense of [L6] if and only if S has suitable levels in the 
sense of [L8], and this is the case ofT. 

Proof, (a) We argue by induction on l. The statement is clear for l = 0. For the inductive step we 
use the fact that Ti + \ = {(se, te) \ (s, t) £ Ti A e G 2} U {(szO, t/1)}. As the map se i->- s defines an 
isomorphism from {(se, te) \ (s, t) <G T)} onto T), we are done. A cycle for s( (T]) gives a cycle for 
s(T/), for l big enough to ensure the injectivity of the initial segments. 

(b) Assume that S has acyclic levels in the sense of [L6]. This means that, for each l, the graph Cs, 
with set of vertices 2*©2^ (with typical element ~xf:= (x £ ,e) £ 2 l x 2) and set of edges 

{{Tjj,TT} | x := (xq,xi) £ S'/} 

is acyclic. We have to see that S has suitable levels in the sense of [L8]. This means that, for each l, 
the following hold: 

- Si is finite, 

-3s£ 2 if x°ylx 1 £ Si, 

- consider the graph G Sl with set of vertices ,5’/ and set of edges 

{{a; 0 ,^ 1 } | x°ylx 1 A 3e£2 = 

then for any G Sl -cycle (a: n )„</;, there are e£ 2 and k<m<n<L such that xf = x'f 1 = xf. 

The first two properties arc obvious. So assume that (x n ) n <L is a G Sl -cycle for which we cannot 
find e£2 and k <m<n< L such that x £ = x™ = x'f. 
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Case 1 x[] = Xq. 
Subcase 1.1 L is odd. 


Note that L > 5. Indeed, L > 3 since (. x n ) n <L is a G Sl -cycle. So we just have to see that L / 3. 
As xj] = Xq and x° /x 1 , x\ /x{. By the choice of (x n ) n <L, Xg /xg. Thus x\=x\. By the choice of 
(x n ) n <L, x\ /xf. Thus Xq = Xq and Xg^Xg. Therefore x 3 /x° and L/3. 

Then Xg, x{, Xg,..., xf“ 2 , Xg is a Gs t -cycle, by the choice of (x™) n <L- 

Subcase 1.2 L is even, in which case L > 4. 

Then Xg, x\, Xg,..., xf' -1 , Xg is a Gg,-cycle, by the choice of (x™) n <L- 

Case 2 Xg/xg. 


The same arguments work, we just have to exchange the indexes. 

• Conversely, assume that (x” ) n <L is a Gs t -cycle. Then L is even, and actually L>4. 
Case 1 £q = 0. 


Then (a;° 0 ,xj 1 ),(x? 2 ,x^ 1 ),...,(x^._ 2 2 ,x^._ 1 1 ),(xj' li ,x^_ 1 1 ),(x° 0 ,xj 1 ) is a G S( -cycle of length 
L+l. If c G 2, then each ; th coordinate appeal's exactly twice before the last element of the cycle. 


Case 2 £o = 1. 


The same argument works, we just have to exchange the coordinates. 

• By Proposition 3.2 in [L6], T has acyclic levels in the sense of [L6]. □ 


6 The classes ITo and £2 

Example 


We will use an example for T = Il!j different from that in [L6], so that we prove the following. 
Lemma 6.1 [~T~| n IEo is not separable from \T~\ \Eg by a pot( IT®) set. 

Proof. We ai'gue by contradiction, which gives P G pot I Tfj) , and also a dense Gs subset G of 2 U such 
that P n G 2 G nO(G 2 ). Let (O n ) neu] be a sequence of dense open subsets of 2 U with intersection 
G. Note that [~T] n Eg n G 2 = |~T~| fl P fl G 2 G A°( |~T~| D G 2 ). By Baire’s theorem, it is enough to 
prove that |~T~| n Eg D G 2 is dense and co-dense in the nonempty space \T ] D G 2 . So let q G uj and 
w G 2 <L0 . Pick «g € 2 aj such that N Sq o WUQ C Oo, no G 2 U such that N tq i WU0 v 0 Oq, v.\ € 2 U such that 
N Sq Qwuovom C Oi, vi G 2 U such that N tqlwUQVoUlVl C Oi, and so on. 
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Then {s q QwuQVQU\V\...,t q lwuQVQU\Vi...) £ |~T~| fl E 0 n G 2 . Similarly, pick N 0 £ u such that 
(sgOwO^ 0 , t q lwO N °) £ F, u 0 £ 2 U such that N Sq0w0 N 00uQ CO 0 ,v 0 £2 UJ such that JV^i^oi^ £ °o , 
N\ £ oj such that (s q OwO N °OuoVoO Nl ,t q lwO N °luoVoO Nl ) £F, u\ £ 2 U such that 

^SqOwO N OOuoVoO N l Oui — Ol, 

Vi e such that N tqlw 0 N 01 uovo 0 N lluivl C O x , and so on. Then 

(. s q OwO No OuoVoO Nl OuiVi...,t q lwO No luoVoO Nl luiVi...)£ \T~\ n G 2 \Eo- 
This finishes the proof. □ 

The main result 


We reduce the study of disjoint analytic sets to that of disjoint Borel sets of low complexity, for 
the first classes we are considering. 

Lemma 6.2 Let X be a Polish space, and A, B be disjoint analytic relations on X. Then exactly one 
of the following holds: 

(a) the set A is separable from B by a potiTif) set, 

(b) there is a K a relation A' C .4 which is not potiTlf) such that A'\A' C B. 

Proof. Theorem 1.10 in [L8] and Lemmas 16.1115.31 give g, h : 2 W —> X continuous such that the 
inclusions \T] PlIEo C ( gxh)~ 1 (A ) and [~T~|\Eo C (gxh)~ l (B) hold. We set A' := ( gxh ) [|"T] nEo], 
B' := (gxh) [|"T] \Eo] and C' := (gxh) [|"T]]. Note that A! is a K a subset of A, B' C B, so that the 
compact set C' is the disjoint union of A' and B'. As \T] n Eo is dense in [~T~|, C' is also the closure 
of A'. As \T ] nE 0 = [T] n (gxh)~ l (A'), A' is not potjllg), by Lemma l6Tl □ 

Theorem 6.3 Let X be a Polish space, and A, B be disjoint analytic relations on X such that A is 
quasi-acyclic. Then one of the following holds: 

(a) the set A is separable from B by a pot( 11°) set, 

(b) there is f: 2 U —> X injective continuous such that the inclusions [T] n Eo C (/ x /) -1 ( A) and 
|"T] \E 0 C (/ x f)~ l (B) hold. 

Proof. Assume that (a) does not hold. By Lemma l(x2l we may assume that B is the complement of A. 
Let (C n ) ri (z : jj be a witness for the fact that A is quasi-acyclic. Note that there are disjoint Borel subsets 
O o, 0\ of X such that A n (Oq x Of) is not pot I IT]). We may assume that X is zero-dimensional, 
the Cn s are closed, and Oq, 0\ are clopen, refining the topology if necessary. We can also replace A 
and the C n ’s with their intersection with Oq x O i and assume that they are contained in Oq x O ]. 

• We may assume that X is recursively presented, 0q,0\£ A\ and the relation “(x, y) £ C n ” is A{ 
in ( x , y, n). As Ax is Polish finer than the topology on X, A<f Tl^X 2 , t\). We now perform the 
following derative on A. We set, for F £ Ui(X 2 ,t\), F' :=F fl A n n F\A n (see 22.30 in [K]). 
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Then we inductively define, for any ordinal £, Ft- by 


f F 0 :=X 2 

l := f\<A F S if A is limit 

(see 22.27 in [K]). As (Fg) is a decreasing sequence of closed subsets of the Polish space ( X 2 , ri), 
there is 9 < to\ such that Fg = Fg + \. In particular, Fg = Fg + \ = F' 0 = Fg n A n n Fg\A ri , so that 
Fg n ,4 and Fg\A arc n-dense in Fg. 

• Let us prove that Fg is not empty. We argue by contradiction: 

X 2 = ^F e =\J -F C =U H^nfl F v ) = (J Fg\Fg +1 , 

£<e t<8 g<e, £<8 

so that A = U €<6 i AnFz\Fz +1 . But A n Fg\Fg +i = A n Fg\(Fg n A n n Fg\A n ) = Fg \Fg \ A n . 
This means that (F^\F ^ +1 )^ < 0 is a countable partition of (X 2 , n) into A!] sets, and that A is A° on 
each piece of the partition. This implies that A is A^X 2 , n), which is absurd. 

• Let us prove that Fg is Ej . We use 7C in [Mo]. We define a set relation by 

<p(x,y,P) ^ (x,y)£(-iP)'. 

Note that ip is monotone, and thus operative. It is also F/ on F, 1 . By 3E.2, 3F.6 and 4B.2 in [Mo], 
we can apply 7C.8 in [Mo], so that ip°°(x, y ) is F, 1 . An induction shows that tp£(x, y) is equivalent 

to “(x, y) £ Fg + 1 ”. Thus (x, y) £ Fg is equivalent to (x, y) £ f|g Fg = f|g Fg + 1 , (x, y) £ Ug ^$+1 
and ip°°(x, y). 

• We arc ready to prove the following key property: 

VqGw VU,V€Sl(X) Fg n (UxV)^AD ^ 3n>q Fg n C n n (UxV)^Q. 

Indeed, this property says that I := Fg D ({J n>q C n ) is F|--dcnsc in Fg for each q £ to. We fix 
q £ to, and prove first that I is n-dense in Fg. So let U,V £ A\ such that Fg f] (U x V) is nonempty. 
As Fg\A is n-dense in Fg , we get (x,y) £ ( Fg\A ) IT (U x V). As Fg IT A is t \-dense in Fg , we 
get (x k ,y k ) £ Fg n A converving to (x,y) for n. Pick n k £ to such that (. x k ,y k ) £ C nfc . As (7 nfc 
is closed, and thus n-closed, we may assume that the sequence (n k ) k puj is strictly increasing. Now 
( x k , y k ) £ I IT (U x V) if k is big enough. In order to get the statement for E\, we have to note that I 

is E\ since Fg is E\ and the relation “(x, y) £ C n ” is A\ in ( x , y, n ). This implies that I 1 = I ~‘ x , by 
a double application of the separation theorem. Therefore Fg c i T1 =r x and I is E ^-dense in Fg. 

• We set, for u= (uo,u\) £T\{0}, 

n(u) := Card({i < |tx| | uq(i) 7 ^ u\ (z)}), 

t(u) :=(SqO,tql) if U= (s q 0w, t q lw). 
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We are ready for the construction of /. We construct the following objects: 


- sequences (® s ) ae2 <'-\ { 0 } , s( o)=o. (^)«e2«-\{0},a(o)=i of points of X, 
sequences (X s ) s g 2 <“\{ 0 },s(o)=O’’ (^ / s)sG 2 <ii ’\{ 0 },s(o)=i of Zj subsets of X, 

- a map <b: {t(u) | uGT\{0}} —tuj. 

We want these objects to satisfy the following conditions: 

(1) x s eX s a y s £Y s 

(2) x s£ CI S C Q x n o 0 A Y se cY s cn x no 1 

(3) diam GH (X s ), diam GH (y s ) < 2“l s l 

(4) (x ug i Vu \) g Fq n 

(5) (X uo xY ul ) n (Un<n(tQ Cn)=V 

(6) x s o n X 8l = Y s q n Y s i = 0 

• Assume that this has been done. As in the proof of Theorem 13.31 we get f :N e ^O e injective con¬ 
tinuous, so that /: 2 U —>X is injective continuous. If (a, fl) G [~T~| nE 0 , then $(f((c*, P)\n)) = Nifn 
is big enough. In this case, by (4), (x a \ n , y$\ n ) G C' x which is closed, so that (/(a),p(/?)) gCjvC A 
If (a,/3) G |"T]\Eo, then the sequence (n((a, /3)|n) ) n >o tends to infinity. Thus (/(a), p(/3)) is not 
inUnea; C n = Aby (5). 

• So let us prove that the construction is possible. The key property gives <T>(0,1) > 1 and (.xq, y\) 
in Fq D C$( 0 ,i) H £l X 2 . As Q X 2 C f j? x , xo, yi G fi x . We choose Zj 1 subsets Xq, Y\ of X with GH- 
diameter at most 2 -1 such that (xo, yi) G Xq x Y\ C ((fix D Oo) x (fix (~l Oi)) \Cq, which completes 
the construction for the length 1 = 1. 

Let l > 1. We now want to build x s , X s ,y s ,Y s for s G 2 l+1 , as well as <3?(s/0, til). Note that 
(■ x Sl ,y tl )eF e n(UxV), where 

^ ■ lX.Sj I ^(‘^s)sG2 ( \{si}i s (0) = 0 ^ ^‘•sG2 ( \{s;}! s (0)=0 ^ s ^(2/s)sG2 i ,s(0)=l ^ ^4 sG2*,s(0)=1 Ys 

VueT fl (2 l x2 l ) (x' uo ,y' ul )eFe D C^^}, 

4 ' = {y'ti^Y tl | 3(xs) se2 i iS ( 0 )=o€n se2 i !S ( 0 ) = o X s 3(y() se2 i\| ti i s( - 0 ) =1 GlI s62 !\{ ti } jS ( 0 ) =1 

V«GTn(2 i x2 ) {x ' UQ , y ' ui ) G Fg D C^^)}- 

The key property gives 4>(s;0, f/1) >max(?r(s/0, f/1), max g< ; 3>(s g 0,t g l)) and 

{ x siO, Vtii)^Fe n C$( S! o,qi) G (U xV). 

The fact that x Sl o G U gives witnesses (x s o)sg2 i \{sA s (o)=o anc ^ (2/so) s g2 i ,s(o)=l- Similarly, the fact 
that j/i,iGk gives (rc si ) se2Gs(0)=0 and (y s i) se2 !\{ij}, s (o)=i- Note that ^,0 7^1 because 

(•t'SjOi 2/qi) ^ l)’ 

(^i,yqi)GC $(f(siMi i)), and <f>(s;0, t t l) > $(f(sjl, til)). Similarly, y tl o^y tl i. If s£2 l , then the 
connectedness of s(T}) gives an injective s(T)-path p s from s to sj. This gives a s(A)-path from x s o 
to x s \ if s(0) = 0, and a s(A)-path from y s o to y s \ if s(0) = 1. Using the quasi-acyclicity of A, we 
see, by induction on the length of p s , that x s q / x s i and y s o / y s \. 
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The following picture illustrates the situation when l = 2. 
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Then we take small enough A, * 1 2 neighborhoods of the x s fs and y S£ ’s to complete the construction. □ 


Consequences 

Corollary 6.4 Let X be a Polish space, and A, B be disjoint analytic relations on X such that A is 
either s-acyclic, or locally countable. Then exactly one of the following holds: 

(a) the set A is separable from B by a pot (Tiff) set, 

(b) there is f: 2“ — >■ X injective continuous such that the inclusions [~T] n Eq C (/x f)~ 1 (A) and 
\T]\E 0 C(fxf)- 1 (B)hold. 

Proof. By Lemma [6711 [~T~| n Eo is not separable from [T] \IEo by a po^IIg) set. This shows that 
(a) and (b) cannot hold simultaneously. So assume that (a) does not hold. By Lemma [6721 we may 
assume that A is XfJ and B is the complement of A. By Lemma [2721 we may also assume that A is 
quasi-acyclic. It remains to apply Theorem [63] □ 

Corollary 6.5 Let X, Y be Polish spaces, and A, B be disjoint analytic subsets ofXxY such that A 
is locally countable. Then exactly one of the following holds: 

(a) the set A is separable from B by a pot( II!]) set, 

(b) ( 2 -, 2 -, f T] n Eo, \T] \E 0 ) E (X, Y, A, B). 

Proof. As in the proof of Corollary 16.41 (a) and (b) cannot hold simultaneously. So assume that (a) 
does not hold. We argue as in the proof of Corollary 13.71 Corollary 16.41 gives f : 2 U —>• Z. □ 

Corollary 6.6 Let X be a Polish space, and A, B be disjoint analytic relations on X. The following 
are equivalent: 

(1) there is an s-acyclic relation 11 G X j such that A n R is not separable from B n II by a potifAff) 
set, 

(2) there is f :2 W —>X injective continuous with \T] PlEo C (/x/) _1 (A) and |"T]\Eo C (fxf)~ 1 (B). 
Proof. (1) => (2) We apply Corollary 16.41 

(2) (1) We can take R:= (f x f) [|"T~|]. □ 

Remark. There is a version of Corollary 16.61 for SJJ instead of Lt!], obtained by exchanging the roles 
of A and B. This symmetry is not present in Theorem 16.31 
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Corollary 6.7 Let X be a Polish space, and A, B be disjoint analytic relations on X such that A is 
contained in a pot{ F a ) s-acyclic relation, or AG B is s-acyclic. Then exactly one of the following 
holds: 

(a) the set A is separable from B by a potiFff) set, 

(b) there is f: IP —yX injective continuous such that the inclusions [~T] \Eo C (/ x /) _1 (A) and 
[T] fl E 0 C (/ x /) _1 (-B) hold. 

Proof. Let R be a pot(F CT ) s-acyclic relation containing A. Then there is no pot(S!j) set P separating 
A fl R = A from B n R, since otherwise P fl R G pot(S!]) and separates A from B. Corollary 16.61 
gives /: 2 U —>• X injective continuous with [~T] fl Eo C (/ x f)~ 1 (B) and |"T] \Eo C (/ x f)~ 1 (A). 

If A U B is s-acyclic, then we apply Corollary 16.41 □ 

Remarks. (1) Corollary [6/7] also holds when ,4 U B is locally countable, but we did not mention it in 
the statement since (a) always holds in this case. Indeed, by reflection, A U B is contained in a locally 
countable Borel set C. As A , B are disjoint analytic sets, there is a Borel set D separating A from B. 
Thus C fl D is a locally countable Borel set separating A from B. But a locally countable Borel set 
has SSj vertical sections, and is therefore pot() (see [Lo2]). 

(2) There is a version of Corollary 16.71 for T = where we replace the class F a with the class of 
open sets. We do not state it since (a) always holds in this case. Indeed, a potentially open s-acyclic 
relation is a countable union of Borel rectangles for which at least one side is a singleton, so that this 
union is potentially clopen, just like any of its Borel subsets. 

7 The class A® 

Example 


We set, for each e G 2, 

Eg :={(«, /3) G 2^x2^ | 3m >0 a(m)^/3(m) A Vn>m a(n) = (3(n) A (m—l)o = £ (mod 2)}. 
Lemma 7.1 |~T~| n Eq is not separable from \T~\ (~l E q by a pot( A!]) set. 

Proof. The proof is similar to that of Lemma 16.11 We argue by contradiction, which gives D in 
pot(A 2 ), and also a dense G$ subset G of 2 U such that D fl G 2 G A^G 2 ). Let (O n ) n&UJ be a 
sequence of dense open subsets of 2 U with intersection G. Note that \T ] fl E[j fl G 2 C \T] Hi I) fi G 2 , 
|"T] nEjnG 2 C |"T] nG 2 \D and \T~\ nDnG 2 € A^fT] nG 2 ). By Baire’s theorem, it is enough to 
prove that \T] HI Eg n G 2 and \T] n Ej Hi G 2 are dense in \T] n G 2 . Let us do it for [~T~| Hi Eg HI G 2 , 
the other case being similar. So let q £ cj and w G 2 <UJ . Pick N such that (s q 0w0 N °,t q lwO N ) 
is in T and (|sq0m0 A — l)o = 0. Then we argue as in the proof of of Lemma I67T1 pick no € 2 aJ with 
^s q OwO N Ouo — Oq, no G 2 with X^^ w qn^ UoVo C Oq, ui € 2 with X s ^q w qnq UoVoUi C Oi, v\ G 2 
with N t i iu o jv 1u 0 do«i'!)i — ^ 1 , and so on. Then (s q OwO N OuoVoUiVi...,t q lwO N 1 uoVoUiV\...) is in 
[TjnEgnG 2 . □ 
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The main result 


We will prove a version of Theorem |6.3| for the class A?. 

Theorem 7.2 Let X be a Polish space, and A, B be disjoint analytic relations on X such that A U B 
is qua si-acyclic. Then one of the following holds: 

(a) the set A is separable from B by a pot{ A?) set, 

(b) there is f: —>X injective continuous such that the inclusions [T] fl IE? C (/x/) _1 (A) and 
|"T] n Eg C (/ x f)~ 1 (B) hold. 

Proof. The proof is similar to that of of Theorem 16.31 Assume that (a) does not hold. By Lemma 
[33] we may assume that A, B arc H[>. Let {C n ) n&U] be a witness for the fact that A U B is quasi- 
acyclic. As A, B are we may assume that each C n is either contained in A, or contained in B. 
Note that there are disjoint Borel subsets Oq, 0\ of X such that A n (O o xOj) is not separable from 
Sn(O 0 xOi) by a pot (A?) set. We may assume that X is zero-dimensional, the C n ’s are closed, and 
O o, ()\ are clopen, refining the topology if necessary. We can also replace A , B and the C n ’ s with 
their intersection with O o x 0\ and assume that they are contained in Oq x Oi . This gives a sequence 
(C®) neu! (resp., (Cfynew) of pairwise disjoint closed relations on X with union A (resp., B). 

• We may assume that X is recursively presented, Oq . O\ are A\ and the relation “(x, y ) G C £ ” is 
A\ in (x, y, e, n). As Ax is Polish finer than the topology on X, A is not separable from B by a 
A°(A 2 , n) set. We set, for F GII? (X 2 , n), F' :=FnA n n F n B T1 (see 22.30 in [K]). Then 

F e = F e+l = F' e = Ff TTX 1 n WnB n , 

so that Fq fl A and Fq fl B are n -dense in Fq. 

• Let us prove that Fq is not empty. We argue by contradiction, so that A = 3 D F^\F^ +l . But 

A fl Ff\F ^ + 1 = A fl F^\(F^ fl A ri fl F^ fl If' ) c Ff\F^ n B ri C -I B. This means that (F^\Fc +1 )^ <0 
is a countable partition of (X 2 , t{) into A? sets, and that A is separable from B by a A? set on each 
piece of the partition. This implies that A is separable from B by a A? (A 2 , t\ ) set, which is absurd. 

• As in the proof of Theorem 16. 3 1 Fq is Sj, and the following key property holds: 

Ve€2 Vqeu VC/, V G27?(X) F e n (C/x~L)/0 => 3?i>q F e n C £ n n (C/xl/)^0. 

• We construct again sequences (x s ), (y. s ), (X s ), (Y s ) and <b satisfying the following conditions: 

(1) x s ex s a y s <LY s 

(2) x se cx s cn x no 0 A y S£ c y s c n x nOi 

(3) diam GH (X s ), diam GH (y s ) < 2"l s l 

(4) {x Uo ,y Ul )eFg n if (\t(u)\ — 2)o = £ (mod 2), with the convention (—1) 0 = 0 

(5) x s o n x s i= y s0 n y s i=0 

• Assume that this has been done. If ( a,/3)€ \T] nE[], then ((a, j3)\n )) = N if n is big enough. 
In this case, by (4), (x a \ n , ym n ) G C% which is closed, so that (/(a), g(f3)) G C ^ C A. Similarly, if 
(a, p) G \T] n Ej, then (/(a), g{fi)) G^CT. 
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• So let us prove that the construction is possible. The key property gives <3?(0,1) £ ui and (xq. y{) 
in Fg n C^ Q ! j n fix 2 - We choose Lj 1 subsets Xq, Y\ of X with GH-diameter at most 2 _1 such that 
(rco•> 2 / 1 ) £ x Y\ C (fix fl Of x (fix fl Of), which completes the construction for the length l = 1. 

Let l > 1. We now want to build x s , X s ,y s ,Y s for s £ 2 l+1 , as well as til). Fix p £ 2 such 

that (l — l)o = rj (mod 2). Note that (x Sl , yt ,) € Fg fl (U x V ), where 

U '-={ x 'siFX S i | 3(x , s ) sg 2i\{ S( } ]S (o) = o€n se2 i\{ S; } !S ( 0 ) = o X s 3(y') sg2 i s ( 0 ) =1 €n sG2 i s ( 0 ) =1 Y s 
Vu£T n(2 l x2 l ) (x' UQ , y' ui ) £ Fg D C^ (f(a)) if (\t(u)\ -2 ) 0 = £ (mod 2)}. 

v -={y'ti^Y tl | 3(is) s62 i iS ( 0 ) =0 Gii sg2 i iS ( 0 ) =0 x s 3{y's) S £2 i \{ti},s(o)=i e n sg2 i\{t ( } jS ( 0 ) =1 y s 

Mu£T n (2 l x2 l ) (x' U0 ,y' Ul )£F e nC^ {r{ _, )) if (\t(u)\-2) 0 =e (mod 2)}. 
The key property gives 3>(s;0, t/1) >max g< ; $(s g 0,fql) and 

(®si0) Vtii) £Fq Fl ^ (UxV). 

Note that x Sl0 fx Sll because (x Sl o, yt t i) £C$ (s!0)til) > (aJ 5 ,i,yt,i) 6 ^ 8(1A1)) if 

(\t(sil,til)\-2)o=£ (mod 2 ), 

and <b(s/0, til) > 3>(i(s;l, til)). Similarly, y tl o f yt ,\. If s £ 2 l , then there is an injective s(T)-path 
p s from s to s;. This gives a s(A U T?)-path from x s q to x s \ if s(0) = 0, and a s(A U i?)-path from 
y s o to y s i if s(0) = 1. Using the quasi-acyclicity of s(A U B), we see, by induction on the length of 
p s , that x s0 fx s i and y s0 fy s i- □ 

Consequences 


Corollary 7.3 Let X be a Polish space, and A , B be disjoint analytic relations on X such that 

- either A U B is either s-acyclic or locally countable 

- or A is contained in a pot( A 2 ) s-acyclic or locally countable relation. 

Then exactly one of the following holds: 

(a) the set A is separable from B by a pot( A 2 ) set, 

(b) there is f\2 U —yX injective continuous such that the inclusions |"T] HEqC (/x/) _ 1 (A) and 
(T] n Eq C (/ x f)~ l (B) hold. 

Proof. By Lemma I7T1 \T ] n Eq is not separable from \T ] n Eq by a pot(A 2 ) set. This shows that 
(a) and (b) cannot hold simultaneously. So assume that (a) does not hold. 

- If A U B is s-acyclic or locally countable, then by Lemma 1331 we may assume that A, B are S 2 . 
By Lemma lT2l we may also assume that A U B is quasi-acyclic. It remains to apply Theorem 17.21 

- Assume that R is pot( A 2 ) and contains A. Then there is no pot( A 2 ) set P separating .4 n /i = A 

from B fl R, since otherwise P fl It £ pot( A 2 ) separates A from B. It remains to apply the first point. 
This finishes the proof. □ 
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Corollary 7.4 Let X, Y be Polish spaces, and A, B be disjoint analytic subsets of X xY such that 
A LJ B is locally countable or A is contained in a pot( A®) locally countable set. Then exactly one of 
the following holds: 

(a) the set A is separable from B by a pot( A®) set, 

(b) ( 2 -, 2 -, f T\ nE°, \T] HEJ) E (. X,Y,A,B). 

Proof. As in the proof of Corollary 17.31 (a) and (b) cannot hold simultaneously. Then we argue as in 
the proof of Corollarv l3.7l The set A' U B' is locally countable or A' is contained in a pot( A!]) locally 
countable set, and A! is not separable from B' by a pot(A!>) set. Corollary I7.3| gives /': 2 W — > Z. □ 

Corollary 7.5 Let X be a Polish space, and A, B be disjoint analytic relations on X. The following 
are equivalent: 

(1) there is an s-acyclic or locally countable relation it! G X] such that An R is not separable from 
B fl R by a pot( A°) set, 

(2) there is f: 2 U —> X injective continuous with |~T] PiIEq C ( fxf)~ 1 (A ) and |~T] HEq C ( fxf)~ l {B ). 
Proof. (1) => (2) We apply Corollary 17.31 

(2) =>■ (1) We can take R:=(fx f) [|"T] n Eo] ■ □ 

8 The classes D n (T ,°) and D n (Yi o) 

Examples 


Notation. Let p > 1 be a countable ordinal, and S r] : u p be onto. We set 

C'o:={a€2 w | Yp>m a(p) = 0} 

and, for 1 < 9 < rj, Cg := {a € \ 3m Gw Vp G w a(< m,p >) = 0 A S v ((m) o) < 0}, so that 

(Ce)e<ri is an increasing sequence of Yf} 2 subsets of 2 U . We then set ■.=D((Cq)q < v ). 

Lemma 8.1 The set I) tj is D v (Y^-complete. 

Proof. By 21.14 in [K], it is enough to see that D rj is not since it is We will prove 

more. Let us say that a pair (9, F ) is suitable if 9 < rj, F is a chain of finite binary sequences, 
If ■■= f| s g.F {a € N s \ (a)| s | =0°°} is not empty and 5^((|s|) 0 ) > 6 for each s G F. Let us prove 
that Ip n Z?((C 0 /)e/<e) is not Dg(Y °) if ( 6,F ) is suitable. This will give the result since ( 77 , 0) is 
suitable. 

We argue by induction on 9. If 6 = 1, then the Xf] set If fl Cq is dense and co-dense in the closed 
set Ip, so that it is not II^, by Baire’s theorem. Assume the result proved for O' <0. We argue by 
contradiction, which gives an increasing sequence (Hg^e^e °f X ( J sets with 

If n Di^Ce^e'ce) V<eO • 
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A s — i(U e , <e Cgi) is comeager in Ip, Ip D IJo^o IIo' too, which gives O’ <6 with parity opposite 
to that of 9 and s'3max se F s such that *S' r? ((|s'|)o) = 9' and 0y IIpC\N s t AHgr. We set F' :=FU{s'}, 
so that ( 9',F') is suitable. By induction assumption, Ip> n DUCg'i'jg/^gA is not Dqi{Y^). But 
I pi D D((C , 0 ") 0 »< 0 ') =Ipi\D[(Hgn)gn < gi) eDg>(E °) since lF'CCg>, which is absurd. □ 

Notation. We now fix an effective frame in the sense of Definition 2.1 in [L 8 ], which are frames in 
the sense of Definition 15. II Lemma 2.3 in [L 8 ] proves the existence of such an effective frame. Note 
that = (0,1), so that si(0) ^ti(O). But si+i(l) = tj + i(Z) if l> 1. Indeed, it is enough to see 

that ((( 0 i) 1 ) o +((( 0 i ) 1 ) 1 <1 in this case, by the proof of Lemma 2.3 in [L 8 ]. As (<?)o + (<?)t <(/, 

and (g)o + (<?)i < q if q > 2, we may assume that G 2. If ((Z)i) = 0, then we are done since 

l > 1. If ((Z)i) = 1, then l > 2 and we are done too. 

• The shift map S : 2 L —> 2 L ~ 1 is defined by S(a)(m) := a(m+ 1) when 1 < L < u, with the 
convention oo — 1 := uj. 

• The symmetric difference oAA of a, (3 € 2 L is the element of 2 L defined by (aA/3) (m) = 1 exactly 
when a(m) ^/3(m), if L <u. 

• We set N v := {{a, p) e \T] \ S(aA/3) ^ D v }. 

Lemma 8.2 The set N, ? is not separable from \T~\ \N r; by a pot^D^iAi®)) set - 

Proof. As [~T~| is closed, D v is D V (E °) and <S, A are continuous, N v is By Lemma 2.6 in 

[L8], it is enough to check that D v is ccs (see Definition 2.5 in [L8]). We just have to check that 
the Cg s are ccs. So let a, ao G 2 U and F : 2 U —> 2 U satisfying the conclusion of Lemma 2.4.(b) in 
[L8]. Note that a G Co exactly when {m G u \ a(m ) = 1} is finite, so that Co is ccs. If 9 > 1, 
then a f Cg exactly when, for each m, S v ({rn) o) < 9 or there is p with a(< m,p >) = 1. As 
(B a (< m,p >)) Q = (< m,p >)o = m, Cg is ccs too. □ 

The main result 


Notation. From now on, p<oo. We set, for 2 <9 <p and (s, t) G (2 x 2) <£iJ \{(0, 0)}, 
m e s t :=min{mGtu | (<S(sAf)) m C0°° A S v ((m) o) <#}. 

We also set s~ :=< s(0),..., s(|s| —2) > if sG 2 <u . 
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We define the following relation on (2 x 2) <u \ 


(. s,t)R(s',t')^(s,t)C(s',t')A f|s|<l V ( |s| >2 A 32<9<p m e s t ^m e s _ t _ A 

V(s, t) C (s",t") C (s', if) \/6<6’<r] m d s ’j=m e s '_ t _ =mP s '„ t „^j V 

(js|>2 A s(|s| — l)^£(|s| — 1) A 
V(s,t)C(s",t ,, )C(s',t') V2 <9<p m e s t =m B s _ t _ =m d s „ t „^j V 
^|s|>2 A V(s, t)C.(s' , ,t , ')Q(s', if) (V2<0<77 m e s t =m e s _ t _ =m d s „ t „) A 


Note that R is a tree relation, which means that it is a partial order (it contains the diagonal, is 
antisymmetric and transitive) with minimum element (0,0), the set of predecessors of any sequence is 
finite and lineary ordered by R. Moreover, It is distinguished in C, which means that (s, t) R (s\ t r ) 
if (s, t ) C (s', t') C (s' r , t") and (s, t ) R (. s ", t") (see [D-SR]). 


• We set 


Df) :—{(s,t ) ST 


Dg:—{(s,t)^T 


D 1 :={(s,t)eT 


s | > 2 = 4 > mP s t ^ mP g _ f _ } if rj > 2, 

s|>2 A m e st ^ m 9 s _ t _ A M9<9' <q m 9 s 'j = m 9 ' s _ t _} if 2 < 0 < rj, 
s|>2 A V2 <9<rj m e st = m e s _ t _ A s(|s| — l)/t(|s| — 1)}, 


Do:={(s,t)eT | |s|>2 A s(|s| —l) = £(|s| —1)}, 
so that the (Dg)g <v is a partition of T. 


Theorem 8.3 Let 1 < r/ < uj. Let X be a Polish space, and Aq . A i be disjoint analytic relations on X 
such that Aq U A \ is s-acyclic. Then exactly one of the following holds: 

(a) the set Aq is separable from A\ by a pot^D^lfTfffj) set > 

(b) (2^,2“jNjj, |"T]\N r? ) C (X, X, Aq, A\), via a square map. 

Proof. By Lemma l8?2l (a) and (b) cannot hold simultaneously. So assume that (a) does not hold. Note 
first that we may assume that Aq U A i is compact and A\ is Indeed, Theorems 1.9 and 1.10 in 

[L8] give § G and /', g ': 2^ —>X continuous such that the inclusions § C ( fxg , )~ 1 (Ai ) 

and \T] \S C (/' x </) _1 (4lo) hold. Let (T,g)g <r/ be an increasing sequence of [T]) sets with 
§ = D[(T 1 q)q < ^), K := (f x g')[\T}], and Rg:=(f x g')[Hg]. Note that K is compact, Rg is K a , 
D({Rg)g <71 ) C Ai, K\D((Rg)g <v ) C Aq, D((Rg)g <v ) =K fi A\, K \D((Rg)g <v ) =K D Aq, so 
that D((Ro)o <v ) is not separable from K\D[{Rg)g <ri ) by a pot^^S^)) set. So we can replace 
Ai,Aq with D({Rg) e<tl ), K\D((Rg) e<v ), respectively. 
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• We may also assume that X is zero-dimensional and there are disjoint clopen subsets Oo, Oi of X 
such that Aq D (Oo x Oi) is not separable from A\ n (Oo x 0\ ) by a po^D^S^)) set. So, without 
loss of generality, we will assume that Aq U A\ C Oo xO\. We may also assume that X is recursively 
presented, Aq,A\, Oo, O i, Rg are A\, and Rg is the union of A\ n C Zj 1 n Il5(ri) C S5(t2) sets. 

We set, for 0 < 77 , Ng : = Rg \ (Uo'<i 9 Re 1 ) H Nq> 2 . Note that the Ng’ s are pairwise 

disjoint, which will be useful in the construction to get the injectivity of our reduction maps. We use 
the notation of Theorem 13,21 For simplicity, we set Ffj :=F[j 2 . 


Claim, (a) Assume that k+l<rj. Then F£ = N^ 2 U Eg, where Eg (Z^Rg +] is 72 -closed. 

(b)A 0 na<„ F$ = N V :=K\(\Ug <v Rg)nn e<v N^ 2 . 

(a) Indeed, we argue by induction on k to prove (a). In the proof of this claim, all the closures will 
refer to 72 . Note first that Ro E A e C R 0 Li -<R\, so that Fq = A e = i?o U Eg = No IJ Eq. Then, 
inductively, 


n+i 


= A 


1 —Iparity (fc)—e| n F k ~ ^i-|parity(fc)-e| n U Eg) 


— ((Rk+i\Rk) u (Rk+3\Rk+2)—) n (Nk U Ek) = Nk+\ U Ek- 1-1. 


(b) Note then that F^_ 1 = A 1 n C\k+i<r, F k =A i n flfc+Kr? ( N k u E k ) = N v _ 1 , so that 

'‘•nfl r|=Jr\(U Re) n n Ng. 

6<r] 0<rj 6<rj 

This proves the claim. o 

• We construct the following objects: 

- sequences (rc s ) se2 <-,oc s > {Vs)sg 2 <“,ic s of points of X, 

- sequences (Z s ) sG2 <“,oc s > 0 / s)se2< w ,ic s °f 27, 1 subsets of X, 

- a sequence (I7s,t)( ai t) e T\{(0,0)} of Z, 1 subsets of X 2 . 

We want these objects to satisfy the following conditions: 

(1) x s £lX s A y s € Y s A (x s ,yt) 

(2) x s£ c x s ()q a y se c y s c q x n Oi a u Sjt EQ X 2 n (x s xY t ) 

(3) diam GH (Z s ), diam GH (y s ), diam GH (Z S)t ) < 2~l s l 

(4) x s0 n x 9 l =y s0 n =0 

(5) ( (s,t) R A 36<2 (s,t),(s',t')€Dg) =>U s > ! t'C.Us,t 

(6) Us'tCNglf (s,t)eDg _ 

( 7 ) (8,t)R(s',lf)=>U a > i ttQUlP 
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• Assume that this has been done. As in the proof of Theorem 13.31 we get / : —> A injective 

continuous. If (a, f3) £ N v , then we can find 0 < 77 of parity opposite to that of y and (rik)keu> strictly 
increasing such that (a,/3)\rik £ Dg and (a, /3)\rik R ( a,(3)\rik+i for each kw. In this case, by 
(l)-(3) and (5)-(6), {U(a,/3)\n k ) * s a decreasing sequence of nonempty clopen subsets of Aq n fl y 2 
with vanishing diameters, so that its intersection is a singleton {F(a,/3)} C Aq. As (x Q | n , yp\ n ) 
converges (for S X 2 an d thus for S x ) to F(a, f3), (/(a), /(/3)) =F(a , /?) £ Aq. If (a, (3) £ |"T]\N r? , 
then we argue similarly to see that (/(a), /( 0 ))eAi. 

• So let us prove that the construction is possible. Let (xo, yi) £ n Ao, Y be A/ subsets of 
A with diameter at most 2 _1 such that xo £ Ao C fix D Oq and y\ £ Yi C fly n Oj, and Lop be a 
A] 1 subset of A 2 with diameter at most ‘X 1 such that (xq, y\) £ Lop C N r/ n fix 2 H (Ao x Yi). This 
completes the construction for l = 1 since (0,1) € I) n - 

- Note that (0 2 , l 2 ) € D v since ttt-q 1 = 0 and m^ 2 l2 = 1 if V > 2. We set Sq := Lop n D (Ao x Yi) and 

Si := So fl Ao fl fix 2 - As Lop CAo^, So C Si T1 . In particular, II e [Si] is Ax-dense in TLfSo] for 
each e £ 2, by continuity of the projections. As (xo, yi) £ Lop D (Ho [So] x III [So]), this implies that 
Lop D (Ho [Si] x IIi [Si]) is not empty and contains some (x 0 2 , y l2 ) (the projections maps are open). 
This gives yio£X with (x 0 2 , yio) £ Si, and xoi G X with (xoi, 2/i 2 ) £ Si. As Lop QN V and Si C Ao, 
x 0 2 / x'oi and ij\o / y ]2 . It remains to choose A) subsets A 0 2 , A 0 i, Yjo, Y \2 of A with diameter at 
most 2~ 2 such that (x'o £ , y\ e ) £ Ao e xYi e C AqxYi and A 0 2 nAoi = YioflYp =0, as well as A* subsets 
L 0 2 p 2 , L 0 2 po, L 0 ip 2 of A' 2 with diameter at most 2 -2 such that (x 0 2 , y i2 ) £ L 0 2 p 2 CLopn(A o2 xY l2 ) 
and (xo £ ,yi £ ) £ Lo e p e C Lop 1 n Ao n fix 2 H (A 0e x Yj e ). This completes the construction for l = 2. 

- Assume that our objects arc constructed for the level l > 2, which is the case for l = 2. Note that 
(siO, til ) ^ Do, and we already noticed that si(l—l) = ti(l—l) since Z > 2, so that ( si,ti ) £ Do- We set 
(s, t) := (si- 10 , ti- 1 1) (which is not in Do), and 

‘S’o : = { (0 c s) s e2 ! ,ocs; (yt)t£ 2 l ,ict) € A 2 | V(s, t) £TCi(2 1 x 2 ; )\{(s, t)} (x s ,y t ) £U S: t A 

(x s -,y t -)€iVo T2 nL^ ri n (A 5 xYf)}, 

‘S'i := { ((^s)sg 2 ',ocs) (Vt)te 2 l ,ict) € So I {xs,yf)£N 0 nn X 2 }- 

We equip A 2 * with the product of the Gandy-Harrington topologies. Let us show that Sj is dense in 

So- Let (U s ) se2 i ocs ar *d (Vt ) tG2 i ict b e sequences of A^ sets with 

((11362*,ocs Us) x (n iG2 ipct v t )) n 5 o /0 

with witness ((x'), A e := {sG2^ | s{l — 1) = e}, and 

U:={xg£Us | 3(x s ) sgi 4 0 \{s} €ll sgv 4 0 ^}. U s ^(yt)t£A 0 ^UteA) Vt 

V(s,t)£T r(A 0 xAo) {x s ,y t )£U Sj t}, 

V- = {yt£V1 I ^(^ 3 ) 36 x 11 u s 3(y t ) tG-4l ^-}Gn te _ Ai ^|-| v t 

W(s,t)£Tn(A 1 xA 1 ) (x s ,y t ) £ U S)t }- 
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Then (x~, y'~) G iV^ 2 n U- f 1 fl (U x V). This gives (x§, Vi) in X 0 fl U~ f 1 n (U x7)n Pl X 2 . 
We choose witnesses (x s ) seylo \ {5} , ( y t )teA 0 (resp., {x s ) s( z Al , {y t ) teAl \{t}) for the fact that x- s G U 
(resp., y~ t G V). Then ((x a ), (y t )) G ((n se2 i |0 c a U t ) x (n te2 i,ict V*)) n S), as desired. 

The sets U e := H. S( [,S' e ] and V £ := I i/ ( [S £ ] are Aj 1 sets. As S\ is dense in So, U\ (resp., V\) is dense 
in Uq (resp., Vo). Note that ( x Sl ,yt t ) G U Sl;t( n (f/o x Vo). As XJ\ (resp,. Vi) is dense in Uq (resp., 
Vo), U-n.ti meets C/ixVi. 

Let (s/0, til) R be the O-predecessor of (sjO, til). Assume first that (s/0, f/1) G D v . Then 
(s t 0,til) R G D v too. Note that U Slttl CU {si0M1)R T1 since (siO,til) R R ( s u ti ). Thus U^ lQtll)R Tl 
meets U\xV\. This gives (x Sl0 , yt,i) G U( sl o,tii) R n (UixVi). We choose witnesses (^ s o) sG2 '\N i },oc s > 
(iteOtetf.ict (resp., (®«i) a 62 «,oc a > (yn)te 2 l \{ti},ict) for the fact that *»j 0 € E/i (resp., y tll G Vi). As 
(x ai0 ,ytii)€U {8l0>tll)R QNr,and {x Sie , y tl£ ) G iV 0 , 2 ^ 07^1 and y tl o^y tll . As in the proof of The- 
orem !3.31 the s-acyclicity of A (l U .4 1 and the fact that Oq. 0| are disjoint ensure the fact that x. s o / x s i 
and yto^yti for s, t arbitrary with the right first coordinate. Then we choose E{ subsets X se . Y te of 
X with diameter at most 2 7 1 such that (x S£ , yt e ) G X S£ xY t£ C X s xY t and X s o n A'. s | = V) s ofl Y s \ = 0, 
as well as X] subsets U S£ jr> of X 2 , with diameter at most 2 ,_1 , containing (x se ,yt e ') and contained 
in X S£ x Y /e , such that 

- u se,h <2 =u7f 1 n iv 0 n n X 2 , 

- u S£)te Q u s , t if (s, t) ± (s, t). 

The argument is the same if (s^O, tjl), (siO,t/l) R G Dg. So it remains to study the case where 
(s;0, til) G Dgi and (s;0, til) R eDg, and O' < 6. In this case, note that H (U\ x V{) is not 

empty and contained in Ng C Ngr 2 . This gives (x Sl o, yt t l) G Ngi n U( Sl o, tl i)R 1 H Sl X 2 fl (U\ x V \), 
and we conclude as before. □ 

Consequences 


Corollary 8.4 Let 1 < q < ix, X be a Polish space, and A, B be disjoint analytic relations on X such 
that A is contained in a pot( A 2 ) s-acyclic relation. Then exactly one of the following holds: 

(a) the set A is separable from B by a pot^D^fYf^j) set, 

(b) ( 2 A 2^, [T]\N ?7 ) C (X, X, A,B), via a square map. 

Proof. Let R be a pot( A 2 ) s-acyclic relation containing A. By Lemma 18.21 (a) and (b) cannot 
hold simultaneously. So assume that (a) does not hold. Then A is not separable from B fl R by 
a pot (.D,,(J]®)) set. This allows us to apply Theorem 18.31 □ 

Corollary 8.5 Let 1 < rj < u>, X be a Polish space, and A, B be disjoint analytic relations on X. The 
following are equivalent: 

(1) there is f?GS{ s-acyclic such that An Ris not separable from B D Rby a pot (0, ; (S;])) set, 

(2) there is f: —>X injective continuous such that C (fxf)~ 1 (A) and C (fxf)~ l (B). 
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Proof. (1) => (2) We apply Theorem 18 .3 1 
(2) => (1) We can take R:= (/ x /) [|~T ]]. 


□ 


9 Oriented graphs 

Proof of Theorem 11.91 Theorem [L3] provides Borel relations So, §i on 2 W . We saw that So U Si is 
a subset of the body of a tree T, which does not depend on T, and is contained in NqX N\. We set 
Gr := So U (Si)" 1 , so that Gr is Borel. As So U Si C iVg x N\ and So, §i are disjoint, Gr is an 
oriented graph. If (a) and (b) hold, then Gr is separable from Gp 1 by a pot(T) set S. Note that S 
also separates So = Gr n (Ajj x N \) from Si = Gp 1 n (Nq x N\), which is absurd. Thus (a) and (b) 
cannot hold simultaneously. 

Assume now that (a) does not hold. Then there are g, h : 2^ —> X continuous such that the 
inclusions §o Q (<? x h) 1 {G) and Si C (gx h ) 1 (G x ) hold. It remains to set /(0a) := g(0a) and 

Proof of Theorem 1 1,1 41 We argue as in the proof of Theorem 1 1.91 The things to note arc the follow¬ 
ing: 


- if G is s-acyclic or locally countable, then s(G) too, 

- as noted in [Lo4], if G is separable from G -1 by a pot(T) set S, then S~ 1 € pot(T) separates 
G -1 from G, and -i S -1 G pot(T) separates G from G -1 , so that we can restrict our attention to the 
classes D V (E®) and A°. 

• If T has rank two, then Theorem I8.3l and Corollary l7.3l provide Borel relations So, S i on 2 U . 

• If T = /3 r; (S ( |), then Corollaries I3.6l and 13.91 pm vide /: 2 U —y X injective continuous such that one 
of the following holds: 

(a) Ng C (/ x /) - 1 (G) and N? C (/ x /) - 1 (G -1 ), 

(b) Bg C (/ x /) - 1 (G) and B? C (/ x /) - 1 (G -1 ). 

The case (a) cannot happen since G -1 is irreflexive. □ 

Proof of Theorem 11.151 Note first that Sg U (S^) _1 ,Cg U (C^) _1 ,Bg U (B ^) -1 and B^ U (Bg ) -1 

are Borel oriented graphs with locally countable closure. As in the proof of Theorem 11,91 G is not 
separable from G -1 by a pot^A(l9 j; (E5))^ set if G G (Cq U (C^) - 1 ,Bq U (B^) - 1 ,B^ U (Bq) -1 }. 

By Lemma l3Tl Sg U (S ^) -1 is not separable from (Sg ) -1 U S^ by a pot^Aset. 

• Assume now that (a) does not hold. Corollaries l4.5l and l4.7l provide 

(A,B)g{(N?,N 2), (B?,Bg), (Ng,N?), (Bg,B?), (Sg,S?), (Cg,C?)} 
and /: 2 U ->X injective continuous such that AC (/ x /) - 1 (G) and BC (/x/) - 1 (G -1 ). 
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The pair (A,B) cannot be in {(N^, Nq), (Nq, N^)} since G and G~ l are irreflexive. It is enough to 
show the existence of /: 2^ — >2 U injective continuous such that BqU(B^) -1 C (/x/) _1 (B^U(Bq) _ 1 ) 
to see that (b) holds. 

- We use the notation of the proof of Proposition 14.41 Let us show that 

parityfa)parityfa) „ 

^e -—*6,1 

if 9 < r/ (where A e = Ng and the closures refer to ri). We argue by induction on 9. Note first that 

*r tyw U atW£Co=c 0 , 

parity(v3(s))=o 

by the proof of Proposition 14.41 Then, inductively, 

^parity fa) n n ^parity fa) 

e |parity(9)—parity( t?)| ' ^'< e e ' _ 

-Uparity(< / 5 (s))=parity(S) Gr (/s) n f \o'<o U^fa)^' G ^{fs) = Ce = C e , 

by the proof of Proposition 14.41 

- From this we deduce that Nq Pi (~] e<ri is contained in 

( U Gr(/ S ))nf| C e CGr(/ 0 ) = A(2-). 

parity fa(s))=parity fa) 9 <v 

As Nq U N^ is locally countable and Nq PI [\ e<r] C A(2“), the proof of Theorem [33] gives 

h: 2^ — >2^ injective continuous such that Nq C (hx A.) 1 ((Nq) - 1 ) and N^ C (hx h)~ 1 ((N^) _1 ) (we 
are in the case 2 of this proof). The map f-.ea>->(l—e)h(a) is as desired. 

• As A(2“) is contained in the closure of §q U (S^)^ 1 , this last relation is not below the two others. 

- Assume, towards a contradiction, that Bq U (B^) -1 is below §q U (S^) -1 . This gives s £ 2 <UJ and 
e £ 2 such that (JV 0fl , A^,B ? 0 ? n (N 0s x A^),B? n {N 0s x N u )) E (2", 2", (S?) 1 ” 26 , (S^) 1 ” 26 ). 
By Lemma [Til Nq Pi N 2 is not separable from N^ Pi A 2 by apot(Z2, ? (S5)) set - As Nq UN^ is locally 

countable and Nq n a<„ ^parity fa) ^ a( 2 w ), the proof of Theorem [33] gives h: 2 U —> N s injective 
continuous such that Ng C (hxh)~ 1 (Ng Pi iV 2 ) for each e £ 2 (we are in the case 2 of this proof). This 
implies that (2^, 2^, Bg, B^) E (A 0s , N ls , Bg P (A 0s xAi s ),B^ P (JV 0s xiVi s )) and 

(2 w ,2^,B2,B^) E (2 U} ,2 U} ,(^) 1 - 2£ ,{§ v 1 _ £ ) 1 - 2£ ). 

By Corollary [T9] (2", 2 W , NjJ, N?) E (2 W , 2 W ,B[J,B^), so that 

(2 W , 2 W ,Nq,Nj) E (2 w ,2 w ,(§^) 1 - 2£ ,(§^_ £ ) 1 - 2£ ). 

But this contradicts the proof of Proposition 14.41 
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- We will show that (2 U , 2 U , Cg, C^) C (2 u , 2“, §((, S^). Using the proof of the previous point, 
this will show that Bg U (B ^) _1 is not below Cg U (C^) -1 . 

We use the notation of the proof of Proposition 14.41 Let us show that Gg := Gg \ C Cg if 1 < 9 < g 
(where 2 L = S~ and the closures refer to t\ ). We argue by induction on 9. Note first that 

G 1 =^n^=u^nu^=c^ucl=c 1 

by the proof of Proposition 14.41 Then, inductively, 

G e+1 =§gnG^ns?7 !G~e C Uq nc 9 nUg 1 n c e c c g+1 

and G\ = f| 0<A G e C fj e<A C e = C A if A is limit. 

From this we deduce that G v C C v = Gr(/@) = A(2 W ). As §g U §( is locally countable and 
G v C A(2 W ), the proof of Theorem [43] gives h : 2“ —> N s injective continuous such that the inclusion 
Sil C (h x fi ) _1 (Sf n Aq ) holds for each e G 2 (we are in the case 2 of this proof). The maps defined 
by /(0a) :=h(a), /(la) := la, g(l/3) :=h(/3) and g(0/3) := 1/3, are as desired. 

- Assume, towards a contradiction, that Cq U (C ^) -1 is below Sq U (S^) _1 , with witness /. This 
gives sG2 <w \{0} and eG2 such that C^ fl (Nq s x Ni s ) C (/x/) _1 ((§7 £ |) 1_2e ) for each e£2. As 
in the previous point, there is h: 2 U —> N s injective continuous such that 

s’cfiix/ij-^s’n^) 

for each e € 2. This implies that if we set k(ea) :=eh(a ) and l := f o k, then 

C^tkxky'^niNosXNu)) 

and Cf C (I x Z ) _1 ((S|^_ e |) 1—2e ) • As i n the proof of Proposition 14.41 we see that the image of 

{( 0 a, la) | aG 2 "} 

by l x l is contained in the diagonal of 2 W , which is not possible by injectivity of l. 


- Assume that g is a successor ordinal. The previous points show that if Cq U (C /) 1 is below 
Bq U (B l)- 1 , then (2 W , 2 aj ,C%,C v l ) C (2 U , 2 U , (B?) 1_2e , (B?_ e ) 1_2£ ) for some e <G 2. We saw that 
there is /r:2 w —>-A 0 injective continuous such that C (/ix/i) _1 (Ne n/V 0 2 ) for each e £ 2. The maps 
defined by /(0a) := h(a), /(la) := la, g{ 1/3) := h(j3) and g(0/3) := 1/3 are witnesses for the fact 


that (2^,2^ 


" 0)^1 


C (2 W , 2 w ,Ng,N^), so that (2^, 2 W , Cg, C^) C (2 W ,2 W ,(N?) 


l-2e 


^ e ) 1 - 2£ )- 


The maps aH>0a and /3 i—>• 1/3 are witnesses for the fact that (2 W , 2 W , §g, S^) C (2 W , 2 W , Cg, C^). 
Thus (2 W , 2 W , Sg, Sj) U (2 W ,2 W , (Ne) 1_2e , (Ni_ e ) 1-2£ ), which contradicts the proof of Proposition 

rm 


- Assume that g is a limit ordinal. Let us show that Cg U (C/) 1 is below Bg U (B^) _ 1 . The proof 
of Proposition |T4] provides h : 2 U —> 2 U injective continuous such that S? C {h x h)~ l { N?) for each 
eG2. It remains to set f(ea):=eh(a). □ 
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10 Negative results 


- By Theorem 15 in [L4], we cannot completely remove the assumption that A is s-acyclic or locally 
countable in Corollary 16.41 We can wonder whether there is an antichain basis if this assumption is 
removed (for this class Ilf] or any other one appearing in this section). This also shows that we cannot 
simply assume the disjointness of the analytic sets A, B in Theorem [63] and Corollaries 16. 5 L[6771 

- We can use the proof of the previous fact to get a negative result for the class A[J. 

Theorem 10.1 There is no tuple (X, Y, A, B), where X, Y are Polish and A,B are disjoint analytic 
subsets of X x Y, such that for any tuple (X, f. A, B) of this type, exactly one of the following holds: 

(a) A is separable from B by a pot( A°) set, 

(b) (X, Y, A, B) C (X,y,A,B). 

Proof. We argue by contradiction. By Lemma l7Tl we get (X, Y, A, B) C (2 W , 2 U , [~T~| nE{j, |"T] flEg). 
This shows that A, B are locally countable. As (a) and (b) cannot hold simultaneously, A is not 
separable from B by a pot( A°) set. By Corollary 17.41 we get 

(2", 2", \T] nEg, [T] HEj) C (X, Y, A,B), 

so that we may assume that (X, Y, A, B) = (2^, 2“, [~T] Cl Eg, [T] Cl Eg). 

• In the proof of Theorem 15 in [L4], the author considers a set ^4=(J Jse ( a j\{o»<" Gi "Is|g)> where the 
If s are partial continuous open maps from 2 U into itself with dense open domain, and G is the inter¬ 
section of then - domain. Moreover, the If s have the properties that l s (x) f li (x) if tf s, and l s (x) is 
the limit of {l s k(x)) keu , for each xeG. We set, for eG 2 , A e :=U se ( w \{o})<“,|s|= e (mod 2 ) Gr (^|c)> 
so that Aq and A\ arc disjoint Borel sets. 

Let us check that Aq is not separable from A\ by a potf A!j) set. We argue by contradiction, which 
gives D €pot( Ag) and a dense Gs subset H of 2 U such that D fl H 2 £ A ^(H 2 ). We may assume that 
H C G. Note that H fl n s e(uA{o}) <w l -1 ^) * s a dense Gs subset of 2 U , and thus contains a point 
x. The vertical section A x is contained in H. In particular, the disjoint sections (Af) x and {Af) x are 
separable by a A 1 ) subset V of the Polish space H. It remains to note that T> D A x is a dense and 
co-dense A ( j subset of A x , which contradicts Baire’s theorem. 

This gives it: ./Vo —>■ 2 W and v:Ni^-2 u with [~T] fl Eg C (it x v)~ 1 {A e ). 

• We set B\ := |~T~| fl (Eg U Eg). Note that B\ f pot(G< 5 ), since otherwise [~T] fl Eg and |"Tj Cl Eg 
are two disjoint pot(G, 5 ) sets, and thus potfAfjj-scparablc. Then we can follow the proof of Theorem 
15 in [L41. This proof gives U \ F —tG and V: F —> 2 U injective continuous satisfying the inclusion 

Une, Gv{f n )<£(UxV)-\A). 

The only thing to check is that there is (c, d) in (J nGuJ ^ x 02n+ ' an d a nonempty open sub¬ 
set R of Df c d such that (u(x),V(f C ' d ( a;)) j f Gr(/g) for each x £ R. We argue by contradic¬ 
tion, which gives a dense Gs subset K of F such that (J n e, Gr(/ n | ft -) C (JJ\ K x Y)- 1 (Gr(( 0|G )). 
As (JJ\k x V ^) —1 (Gr(Z 0 | G )) is the graph of a partial Borel map, (J n e, Gr(/ n | ft -) too. Therefore 
He, Gr (fn\K) G pot (II?) \pot(G 5 ), which is absurd. □ 
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This shows that we cannot completely remove the assumption that A U B is s-acyclic or locally 
countable in Corollary 17,31 This also shows that we cannot simply assume the disjointness of the 
analytic sets A, B in Theorem 17.21 and Corollary 17.41 

- By Theorem 2.16 in [L3], we cannot completely remove the assumption that A U B is s-acyclic or 
locally countable in Corollary 13.101 This also shows that we cannot simply assume disjointness in 
Theorem 13.31 and Corollary 13.1 11 

We saw that there is a version of Corollary 16.71 for T = where we replace the class F a with 
the class of open sets. We cannot replace the class F a with the class of closed sets. 

Proposition 10.2 There is no triple (X, A,B), where X is Polish and A, IB are disjoint analytic re¬ 
lations on X such that A is contained in a potentially closed s-acyclic or locally countable relation 
such that, for each triple (X. A , B) of the same type, exactly one of the following holds: 

(a) the set A is separable from B by a pot( Yj { \ ) set, 

(b) (X,X, A,B) C (X,X,A, B). 

Proof. We argue by contradiction, which gives a triple. Note that A is not separable from B by a 
pot(S?) set. Theorem 9 in [L5] gives F, G: TP -y X continuous such that A(2“) C (FxG) _1 (A) and 
G 0 C (F x G) _1 (B). We set A' := (F x G)[A(2 W )], B' := (F x G)[G 0 \ and C' := (F x G)[ GjJ]. Note 
that A', C are compact and C' is the locally countable disjoint union of A' and W. In particular, B' 
is D 2 (X°), A' C A, B' C B, and A' is not separable from B' by a pot(S5) set. So we may assume 
that A,B arc Borel with locally countable union which is the closure of B. Corollary 13.101 gives 
f',g' \2 U —>X injective continuous such that Go = Go Cl (/' x</) _1 (B). In particular, 

A(2“) C (/' x g')- 1 (B\B) = (/' x g’)- 1 (A). 

This means that we may assume that X = 2 W , A = A(2 W ) and B = Go- 

The proof of Theorem 10 in [L5] provides a Borel graph B on X := 2 U with no Borel countable 
coloring such that any locally countable Borel digraph contained in B has a Borel countable coloring. 
Consider the closed symmetric acyclic locally countable relation A := A(2^j. As there is no Borel 
countable coloring of B, A is not separable from B by a pot(S] ) ) set - If /• 9 exist, then f = g since A 
is contained in (/ x This implies that / is a homomorphism from Go into B. The digraph 

(/x/)[Go] is locally countable and Borel since / is injective. Thus it has a Borel countable coloring, 
and Go too, which is absurd. □ 

For oriented graphs, we cannot completely remove the assumption that G is s-acyclic or locally 
countable in Theorem ll.141 Let us check it for T = A®. 

Proposition 10.3 There is no tuple (X, G), where X is Polish and G is an analytic oriented graph on 
X, such that for any tuple ( X, Q) of this type, exactly one of the following holds: 

(a) the set Q is separable from G 1 by a poli A!] ) set, 

(b) there is f: 2“ —>■ X injective continuous such that GC (f x f)~ 1 (Q). 
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Proof. We use the notation of the proof of Theorem 1 10.1 [ and argue by contradiction. Recall the 
analytic s-acyclic oriented graph Q A o = ([T] nEg)U( [T] f lEg) —1 considered in the proof of Theorem 
11.141 Note that there is /o :X—>-2^ injective continuous such that GC (/ox/o)“ 1 (G A »)- In particular, 
G is s-acyclic and Theorem [134] applies. This shows that we may assume that (X, G) = (2 W , Q A o). 

If R is a relation on 2 U , then we set Gr := {(0a, 1/3) | (a, /3) G R}. As is not separable from 
A\ by a pot( Ag) set, Ga 0 is not separable from Ga 1 by a pot( Ag) set. As Ga 0 U Ga 1 C /Vo x JVi 
and Ga 0 , Ga , are disjoint, H := Ga 0 U (Ga t 1 is a Borel oriented graph, and H is not separable 
from EG 1 by a pot( Ag) set, as in the proof of Theorem 11.91 If /: 2 U —> is injective continuous and 
(|~T~| n Eg) U (|~T~| fl El)- 1 C H, then on a nonempty clopen set S-=N Sq x N tq , the first coordinate 
is either preserved, or changed. 

As in the proof of Lemma 17711 we see that \T~\ n Eg fl S is not separable from \T] fi IEq n S by a 
pot(Ag) set. By Corollary 17.31 there is /: ‘2A -A 2 U injective continuous such that 

\T) nE £ 0 c(fxf)~ 1 (\T] nEgnS) 

for each e G 2. This proves the existence of g : ‘2r -A ‘2r injective continuous such that 

[T] fl (Eg U Eq) C (g xg)— 1 (Ga)■ 

This gives it: /Vo —»2 W and v:N\^>-2 u injective continuous such that |~T] fl (Eg UEg) C (nxi;) _1 (A) 
since the maps ea (->• a are injective. But we saw that this is not possible in the proof of Theorem 
flOTl □ 

Question. Are there versions of our results for the classes ZJ^Xg), .D^Xg) (when ui <g < u\) and 
A^^Xg)) (when 2< rj < wi)? 
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